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Preface

Mathematics and Statistics enhance logical
thinking, analytical skills and problem-solving abilities.
A strong foundation in Mathematics and Statistics open
doors to various career paths. It also helps in students'
future academic and professional endeavours.

As per Assam State School Education Board
(ASSEB), the syllabus for H.S First year and H.S. Second
year (Commerce) has undergone revision. The book has
been renamed as "Business Mathematics and Statistics".

The present book makes an attempt to cover the
theoretical, practical and applied aspects of Mathematics
and Statistics. The chapters in this book are well
arranged with objective-type, short-type and long-type
questions to enable students to recapitulate their
understanding in the subjects. Solved and unsolved
illustrations problems are given in large number.

The Editor takes this opportunity to express
gratitude to her co-writers Dr. Jnanjyoti Sarma, Mr.
Bhaba Nanda Dutta, Mr. Ramen Ch. Deka, Dr. Kulojit
Pathak and Mr. Amirul Islam for their contributions in
preparing this textbook.

Suggestions regarding improvement of the book are
most welcome and it would help to make this book more
user-friendly in subsequent editions.

Editor



Group A: Business Mathematics
Unit-I : Financial Mathematics-I

Ratio and Proportion

Ratio

A ratio is a comparison of two quantities of the same kind. It is a relation that one quantity
bears to another with respect to magnitude. In other words, ratio means how many times or
what part one quantity is of the other.

Let a and b be two quantities of same kind expressed in same unit. Then the ratio of @ and

a
bis b or g +p andis denoted by a : b. The two quantities that are being compared are called

terms. The first is called antecedent and the second term is called consequent.

5
For example, the ratio 5 : 6 represents ’ with antecedent 5 and consequent 6.

Types of Ratios
1. Inverse Ratio or Reciprocal Ratio

If the places of the antecedent and consequent of a ratio are interchanged, then the new
ratio thus formed is called the inverse ratio of the given ratio. e.g. the ratio b : a is the inverse
ratio of a : b and vice versa. 1.e, the ratio a : b and the ratio b : a are inverse ratio of one
another.
2. Compound Ratio

The ratio of the product of the antecedents to that of the consequents of two or more given
ratios is called the compound ratio.

Thus ifa : b and c : d are two given ratios, then ac : bd is the compound ratio of the given
ratios.

If2:3,3:4and 4 : 5 be the given ratios, then their compound ratio will be
= (2x3x4):(3x4x5)
_ 2x3x4 g _
3x4x5 5
3. Duplicate Ratio

2:5

The ratio of the squares of two numbers is called the duplicate ratio of the ratio of the
given numbers.

2

2
For example, 7 or gy is the duplicate ratio of the ratio 3

4. Triplicate Ratio
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The ratio of the cubes of two numbers is called the triplicate ratio of the ratio of the given
numbers.

3

2
For example, 3 or 27 is the triplicate ratio of the ratio 3

5. Sub-duplicate Ratio
The ratio of the square roots of two numbers is called the sub-duplicate ratio of the ratio of

2 4
the given numbers. For example, 3 is the sub-duplicate ratio of the ratio 9

6. Sub-triplicate Ratio
The ratio of the cube roots of two numbers is called the sub-triplicate ratio of the ratio of

2 8
the given numbers. For example, 3 is the sub-triplicate ratio of the ratio 27

B Proportion

When two ratios are equal, the quantities forming the ratio are said to be in proportion or
proportional. If a, b, ¢, d are four quantities such that a : b = ¢ : d, then we say that the
quantities a, b, ¢, d are in proportion. The first and the last term i.e., @ and d are called Extrems
whereas b and c are called means. Again d is called the fourth proportional to a, b and c.

The terms of each ratio forming proportion should be of same kind but the terms of both
the ratios may or may not be of same kind

e.g,3cm:5cm=Rs.9:Rs. 15.
Note: The proportiona : b=c :dis also expressedasa: b::c:d.
B Mean Proportional and Third Proportional

Ifthree quantities are such that the ratio of first to the second is equal to the ratio of second
to the third, then the second quantity is said to be the mean proportional between the first and
the third and the third quantity is said to be the third proportional to the first and the second.

For example, consider the three numbers 9, 27 and 81.
9 1

9:27=—=—=1:3
27 3

27:81=£=l=1:3
81 3

Thus 9:27=27:81
- 27 is the mean proportional between 9 and 81 and 81 is the third proportional to 9 and 27.
B Continued Proportion

When a number of quantities having same unit are such that the ratio of first and second
quantities, second and third quantities, third and fourth quantities and so on, then these quantities



Ratio and Proportion
are said to be in continued proportion.
For example, Rs. 3, Rs. 12, Rs. 48, Rs. 192, Rs. 768 are in continued proportion.

Since Rs. 3 : Rs. 12 = —=—=1:
mce RS. 5 1 KS. —12 4 .

12
Rs. 12:Rs. 48= —=—=1:4

1
48 4
Rs. 48 :Rs. 192 > -1 14

S. . KKS. —192 4 .

Rs. 192 : Rs. 768 = ~o =~ =1:4
) S 768 4
B Laws of Proportional
1. Cross multiplication
Ifa:b=c:dthenad=bc
2. Invertendo
Ifa:b=c:dthenb:a=d:c
3. Alternendo
Ifa:b=c:dthena:c=b:d
4. Componendo
Ifa:b=c:dthena+b:b=c+d:d
5. Dividendo
Ifa:b=c:dthena-b:b=c-d:d
6. Componendo and Dividendo
Ifa:b=c:dthena+b:a-b=c+d:c-d
Worked out Examples
Example 1 (a) : Find the fourth proportional to the numbers 60, 48, 30.
Solution: Let fourth proportional = x
5. 60:48=30:x

60 30
= —=—
48 x
x_3fzfx4/88
60

= x=24
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. The required fourth proportional = 24.
(b) Find the third proportional to 0.8 and 0.2.
Solution: Let third proportional = x
5 08:02=02:x
08 02
02 «x
~0.2x0.2
08
=0.05
. The required third proportional = 0.05.

=X

(c) Find the mean proportional between 64 and 81.
Solution: Let x = Mean Proportional

64 :x=x:81
64 x

= —=—
x 81

= x? =64x81=8%x9?

= x=+8?x9°

=8x9
=72
. The required mean proportion = 72.
Example 2 (a) : If x : y=8: 9, then find the value of 5x — 4y : 3x + 2y.
Solution: x: y=8:9

x 8
=>—=—

y 9

X_Jy
=> ===k
=5 =k (say)
wx=8k, y=9k
So5x—4y:3x+2y
_Sx—4y

- 3x+2y
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_ 5(8k)—4 (9%)
 3(8k)+2(%)

40k —36k
24k +18k

_ 4k
42k

£=2:21
1

S S5x—4y:3x+2y=2:21
a+b+c=4

(b) Ifa:5=5b:7=c: 8 then prove that

Solution: ¢ :5=5b:7=c:8

a_b_c_,
=a=5k,b=Tk, c=8k
_a+b+c  Sk+T7k+8k
‘ a Sk
20k
Sk
=4

(©) IfA:B=2:3andB:C=4:5thenfindA:B:C
Solution: A:B=2:3

A 2 _2x4 ﬁ
B 3 C3x4 12
B:C=4:5

B 4 4x3 12

C 5 5x3 15
- A:B=8:12andB:C=12:15
- A:B:C=8:12:15.
DIf x+y:x—y=5:2findx:y
Solution: x +y:x—y=5:2
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Xty
xX=y

=>5(x—-y)=2(x+y)

>
2

=5x-5y=2x+2y
=>5x-2x=5y+2y

=3x=Ty

x 7
= —=—

y 3
=>x:y=7:3

Example 3 : Two numbers are in the ratio of 4 : 5 and the sum of these numbers is 27. Find the
two numbers.
Solution: Let the two numbers be x and y

Tx:y=4:5

x 4
=>—=—=5x=4y __
573 Y —
Alsox+y=27 —(2)

5x 5x
=x+2-=27 [by (1) Sy=dy =y =""]

4
:>(1+§jx=27
4

= (ﬂ}c ~27
4

:>2x=27
4
3
27%x 4
=>x=
g
= x=3x4=12
From (2) y=27-x
=27-12

=15
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.. The two numbers are 12 and 15.

2 11
Example 4 : Divide Rs. 670 among A, B and C in the ratio EEZ
Solution Dividngrato -2+ 1+
olution: Dividingratio =77
2 1 1
=—x60:—x60:—:60 [ L.C.M.of3,5,4=60]
3 5 4
=40:12:15
40
. ' ive = —x670
. Awill receive = Rs. (40_’_12_'_15 j
:Rs.(ﬂx670j
67
=Rs. 400

12
B will receive = Rs. [EX 670}

=Rs. 120

15
; - —x670
C will receive = Rs. [ 67 j
=Rs. 150

Example 5 : The ratio between two numbers is 2 : 7. If each of them is increased by 14, the
ratio between the new numbers obtained is 4 : 7. Find the original numbers.

Solution: Let the original numbers be x and y.

SLxiy=2:7
x 2
=>—=—
y 7

=7x=2y — (1)
According to the question,
x+14:y+14=4:7
x+14 4
= =—
y+14 7
=>7(x+14)=4(y+14)




8 Financial Mathematics-I
=T7x+98=4y+56
=2y+98=4y+56 [-- Tx=2y by (1)]
=4y-2y=98-56

:>2y=42:>y=%=21

From (1) 7x=2x21 (- y=21)

2x 243
7

-, The original numbers are 6 and 21.

Example 6 : Divide Rs. 798 among A, B, C and D such that A's share : B's share =1 : 2; B's
share : C's share = 3 : 4 and C's share : D's share =5 : 6.

Solution: A:B=1:2 = A:B=15:30

=6

=>X=

B 3 3x10 30

B:C=34=C"0"4x10 40

= B:C=30:40

C_5 5x8_40
D 6 6x8 48

.. C:D=40:48
~A:B:C:D=15:30:40:48
Sum of the ratios = 15 + 30 + 40 + 48

C:D=5:6=

=133

A's share = Rs. («BT J =Rs. 90
30

B's share = Rs. [‘B_’f mj = Rs. 180
40 ¢

C's share = Rs. | =% 798| = Rs. 240
48 78/

D's share = Rs. —3>< 8| = Rs. 288
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Example 7 : Divide Rs. 490 among A, B and C such that

5 of A's share = Z of B's share = g of C's share.

Solution: Let A's share = Rs. x
B's share = Rs. y
C's share = Rs. z

According to the question,

2. 3,4,

3774775

2.3 50

377777 —O
4 y 16

— e :>—:—

Y 5 z 15 2)

x 9 9x2 18
From (1) 7757 %22 " 16

oox 18
ie. ; 16 — 3
From (2) and (3) we get

x:y:z=18:16:15
' 90
A's share = [18+16+15 )

18
- —x490 | =
Rs. [49 ) Rs. 180

' _ 490
B's share = Rs. 18+16+15 J

C's share = Rs. 18+16+15

1
= x 490
Rs. [49 ) Rs. 160

Oj =Rs. 150
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Example 8 : Divide Rs. 558 among Dipak, Rohit and Manish such that if Rs. 4, Rs. 6 and Rs.
8 are decreased respectively from their shares, then the ratio of their shares becomes 2 : 3 : 7.
Solution: Sum of the decreased amount of Dipak, Rohit and Manish=Rs. (4 + 6 + 8) =Rs. 18.
. Amount to be divided = Rs. (558 — 18)

=Rs. 540

2
e . o x540 |+4
. Dipak will receive = Rs. K 24347 j }

e[ Zxsto) ]

= Rs. (90 + 4)
=Rs. 94

3
Rohit will receive = Rs. x540 |+ 6
2+3+7

o [[xs0) o]

=Rs. (135 +6)
= Rs. 141

7
Manish will receive = Rs. x 540 |+8
2+3+7

(e

=Rs. (315 +8)
=Rs. 323

Example 9 : Men, women and children are employed in the ratio 1 : 2 : 3 to do a work and their
daily wages are in the ratio 6 : 3 : 2. When 50 men are employed then total wages of all the
workers amount to Rs. 9,000. Find the daily wages paid to 1 man, 1 woman and 1 child.

= Rs.

«»

Solution: Men, women and children are employed in the ratio 1 : 2 : 3.
Let Men employed = x

women employed = 2x

children employed = 3x
Daily wages of men, women and children are in the ratio 6 : 3 : 2.



Ratio and Proportion 11
Let daily wage of 1 man = 6y
daily wage of 1 woman = 3y
daily wage of 1 child =2y
-, Total wages of all the workers
=(x) (6) + (2x) 3y) + 3x) (2y)
= 6xy + 6xy + 6xy
= 18xy
Given that total wages of all the workers is Rs. 9,000 when men employed = 50 i.e. 18xy=9000
when x = 50

- 18x50 y =9000

Ev

- 9000 "

4 18x 30
Soy=10

Daily wage of 1 man =Rs. (6x10) = Rs. 60
Daily wage of 1 woman = Rs. (3x10) = Rs. 30
Daily wage of 1 child = Rs. (10x2) =Rs. 20

Example 10 : A man divides his property among his son, wife and daughter in such a way that
son's share to daughter's share is 8 : 7 and wife's share to son's share is also 8 : 7. If the wife
receives Rs. 300 more than the daughter, find the share of each.

Solution: Let son's share = Rs. x

wife's share = Rs. y

daughter's share = Rs. z
According to the question,

x:z=8:7
_x_ 8 4
= — (D)

Also y:x=8:7

y 8
=>—=— _ (2
.7 @
Also y=z+300 — (3)
From (1) and (2) we get
x y 8 8

— X =— X —

z x 7 7



12 Financial Mathematics-I

y_o64

z 49
=y=2):
4 49 —®
Now (3) = y=z+300

64
= (Ejz =2z+300 [by (4)]

:(ﬁ—l z=300
49

:>£z =300
49

20
360% 49
T s
=z=980
(3) = y=z+300

=980+ 300
=1280 i.e. y=1280

—1

140

8 8
F 1. x=—z=—x980=1120
rom (1), 7 P

Son's share = Rs. 1120
Wife's share = Rs. 1280
Daughter's share = Rs. 980

Example 11 : The railway fare in a certain year increases in the ratio 22 : 25 but the number of
passengers decrease in the ratio 13 : 11. Find in what ratio will the total income from passenger's
fare increase or decrease?

Solution: For the certain year
Let original railway fare = Rs. 22x per passenger
and the railway fare after the increase of fare = Rs. 25 per passenger
Let number of original passengers = 13y
and total income from original passengers
=Rs. (22xx13y)

Also total present income from passengers = Rs. (25xx11y)
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Original income : Present income
=Rs. (22xx13y):Rs. (25xx11y)

2
_ 22xx13y
25xx Ay
= é =26:25
25
Total income will decrease in the ratio 26 : 25.

Example 12 : 20 men can do a piece of work in 12 days. In how many days can 15 men finish
the same work?

Solution: Let 15 men can do the work in x days.

Men Days
Arrangement : 20 12 Less men will require more days
15 X

4
420
x=lﬂ></1?g=16 days
[Since less men will require more days therefore write the greater ratio]
15 men will finish the work in 16 days.
Example 13 : 15 men working 10 days earn Rs. 500, how much will 12 men earn working 14

days?
Solution: Let 12 men working 14 days will earn Rs. x
Arrangement : Men Days Income (Rs.)
15 10 500
12 14 X
10 p
x =500x 2 X 14
15, 10

=560 Ans: Rs. 560
. . 12
[Note: 12 men is less than 15 men. Less men will earn less therefore the lesser ratio 15 Also

14
14 days is more than 10 days. More days indicates more income. Hence the greater ratio 10 ]
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Example 14 : 50 men working 8 hours a day earn Rs. 3264 in 21 days. How much will 35 men
earn in 25 days working 14 hours a day?

Solution: Let required earn = Rs. x

Arrangement : Men Hour Days Earning
50 8 21 3264
35 14 25 X
o 35 «1/42’( 25
=3264x — x — X ——
5;) 8 21

=136 x35=4760
Ans: Rs. 4760

35
[Note: Less men will earn less, so lesser ratio 50" More hour means more earning, so greater

14
ratio R More days means more earn, so greater ratio E]

Example 15 : A contractor undertakes to complete a work by 100 days. He employed 160 men
who worked 6 hours a day finished — of the work in 80 days. How many more men should he
employ to finish the work within timie if the men work for 8 hours a day?

Solution: Let additional men employed =x
Remaining days = (100 — 80) days = 20 days

Remaiming work —1 -2 =1
emaining wor 373
Arrangement : Days Hour Work Men
80 6 2 160
3
1
20 8 3 160 + x

3 1
160+x=160x8—0x—6 A

T R
Less Days = More men
=12)0>< 3 Xlxé/ More Hour = Less men
3 2 Less work = Less men

=240
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= x=240-160 =280
.. 80 more men should be employed.

Example 16 : If 5 men, 20 women and 40 boys can do a piece of work in 120 days, working 6
hours a day, in how many days will 10 men, 10 women and 20 boys, do the same work working
9 hours a day when amount of work done by man,woman and boy are in the ratio4 : 2 :1?
Solution: We have 1 man = 4 boys

1 woman = 2 boys
5 men + 20 women + 40 boys

=(5x4+20x2+40) boys

= (20 + 40 + 40) boys = 100 boys
10 men + 10 women + 20 boys
=(10x4+10x2+20) boys

= (40 + 20 + 20) boys = 80 boys

Arrangement Boys Hours Days
100 6 120 Less boys = More days
80 9 X More hour = Less days
6100 6>

x=B0x——F—x——=100 .
&6 95 Ans: 100 days

Example 17 : 8 men or 12 boys can do a piece of work in 20 days; in how many days can 6
men and 6 boys together do the same piece ofo work?

Solution: 8 men =12 boys

12
=2 men E? boys
3
=6 men — X; boys

6 men + 6 boys = (9 + 6) boys

=15 boys
Let in x days 6 men and 6 boys together can do the piece of work.
Arrangement Boys Days
12 20
15 X More boys = Less days

4

20x 12 16d
x= XE Ans: ays.
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Example 18 : A can do a piece of work in 8 days, B can do the same work in 12 days. In how
many days, can A and B together, do the same work?
Solution: A can do the work in 8 days

1
-, In one day A can do 3 parts of the work

B can do the work in 12 days

1
-, In one day B can do ) parts of the work

1 1
-, In one day A and B together can do (g "‘Ej parts of the work

) 3+2
e | Hp parts of the work

.5
ie 7 parts of the work

24 4
.. A and B together can finish the work in S days i.e. in 4§ days.

Example 19 : A can do a piece of work in 12 days, while B can do in 24 days. They begin to
work together, but after 4 days B leaves, in how many days more, will A alone do the unfinished

work?
Solution: A can do the work in 12 days.

1
-, In one day A can do I parts of the work

B can do the work in 24 days

1
-, In one day B can do Py parts of the work

1 1
In one day A and B together can do [E + ﬁ) parts of the work

2+1

ie. (ﬂj parts of the work

1
ie. 3 parts of the work

4 1
In 4 days A and B together can do 3 = ) parts of the work
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After 4 days B leaves

1 1
. After 4 days remaining work =1 e = 5 parts of the work

To finish the whole work A takes 12 days

1
-, To finish % part of the work A takes = (EX 12} days

= 6 days
~. Acan do the unfinished work in 6 days.
Example 20 : A and B together can do a piece of work in 15 days. They work together for 8
days when A leaves and B finishes the work in 15 days more. In how many days can A alone
finish the piece of work?
Solution: A and B together can do the work in 15 days.

1
In one day A and B together can do 15 parts of the work.

8
In 8 days A and B together have done s parts of the work.

8
After 8 days remaining work =1 T = 0 parts.

7
Now B finishes s parts of the work in 15 days

-, In one day B finishes part of the work

15x15 225
(Lo T

-, In one day A alone can finish 5 225 parts of the work

Le. — parts of the work

i.e. 75 parts of the wor

. . 225 1
-, Aalone can finish the work in 5 days = Zgg days.
1

Ans : =28§ days.

Example 21 : Arun and Rakesh can do a piece of work in 12 days, Rakesh and Neeraj
together can do it in 15 days. If workman Arun is twice as good as Neeraj, find at what time
Rakesh alone can do it.
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Solution: As a workman Arun = 2 (Neeraj)
Arun and Rakesh can do the work in 12 days

1
-, In one day Arun and Rakesh can do I parts of the work

1
.. In one day, {2 (Neeraj) + Rakesh} can do D parts of the work — (i)

Again Rakesh and Neeraj together can do the work in 15 days

1
- In one day (Neeraj + Rakesh) can do 15 parts of the work — (ii)
Subtracting (i1) from (i) we get
1 1

In one day, Neeraj can do (E —EJ parts of the work

) 5-4
Le. | Yoo parts of the work

. 1
ie. 0 parts of the work.

Since as a workman Arun =7 (Neeraj)

1
-, In one day Arun can do w0 %part of the work

1
But in one day, Arun and Rakesh together can do I part of the work

1 1 5-2 3 1
-, In one day Rakesh can do = part of the work

12 .30) 60 60 20
.. Rakesh alone can finish the work in 20 days.
Example 22 : A tap can fill a cistern in 8 hours and another can empty it in 16 hours. If both the
taps are opened simultaneously, find the time (in hours) to fill the cistern.
Solution: The first tap can fill the cistern in 8 hours

1
-, In 1 hour the first tap can fill 3 part of the cistern.

The second tap can empty the cistern in 16 hours

1
.. In 1 hour the second tap can empty 6 part of the cistern
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I 2-1 1
If both the taps are opened simultaneously, then in 1 hour, 3 16 = 1o = 16 part of the

cistern will be filled
. Ifboth the cistern are opened simultaneously, then the cistern will be filled in 16 hours.

Example 23 :Two taps A and B can fill a cistern in 20 and 30 minutes respectively. Both the
pipes being opened, find when the tap A must be turned off so that the cistern may be filled in
10 minutes more.

Solution: Tap A can fill the cistern in 20 minutes

1
-, In 1 minute tap A can fill 20 part of the cistern.

Tap B can fill the cistern in 30 minutes

1
-, In 1 minute tap B can fill 30 part of the cistern

1 1
When both the taps A and B are opened, then in 1 minute (tap A + tap B) can fill (% + 3—())

part of the cistern

) 3+2 '
Le. | Yoo~ part of the cistern

.5 :
1.e. 0 part of the cistern

1
ie. I part of the cistern.

Thus both the taps (tap A and tap B) together can fill the cistern in 12 minutes.

Now, when the tap A is turned off, the remaining part of the cistern is filled by tap B in 10
minutes more.

1
In one minute tap B can fill 30 part of the cistern.

10 1
-, In 10 minutes tap B can fill 30 part =§ part of the cistern.

1 2
This means that the first (1 —g) part = 3 part of the cistern were filled by the taps A and

B together.
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Tap A and tap B together can fill the cistern in 12 minutes.

2 2
-, Tap A and tap B together can fill 3 part of the cistern in (g X 12} minutes = 8 minutes.

-, Tap A must be turned off after 8§ minutes.
Example 24 : A tap can fill a tank in 6 hours. After half the tank is filled, three more similar taps
are opened. What is the total time taken to fill the tank completely?

1
Solution: Half of the tank is filled in ) x 6 =3 hours

Now we have four taps and each tap can fill the tank in 6 hours
1
When all the four taps are opened, then these four taps can fill % of the tank in EXZ

hours

3,
4 ours

3
= [Z X 60) minutes

= 45 minutes
. Total time taken = 3 hours 45 minutes.
Example 25 : Two taps A and B can fill a cistern in 30 and 36 minutes respectively. Tap C can
empty it at the rate of 50 litres per minute. If all the three taps are opened simultaneously, the
cistern gets filled in 20 minutes. Find the capacity of the cistern.
Solution: Let capacity of the cistern = x litres

Tap A can fill the cistern in 30 minutes

1
-, In one minute, tap A can fill 30 part of the cistern.

20
-, In 20 minutes tap A can fill 30 part of the cistern.

2
= 3 part of the cistern.

2x
-, In 20 minutes tap A fills the cistern = EY litres

Tap B can fill the cistern in 36 minutes
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1
-, In one minute, tap B can fill 36 part of the cistern

5
200 5

In 20 minutes tap B can fill — =— part of the cistern.
36, 9

Sx
In 20 minutes tap B fills the cistern = 9 litres

In 1 minute tap C can empty the cistern = 50 litres
In 20 minutes tap C can empty the cistern = (50x 20) litres
= 1000 litres
When all the three taps are opened simultaneously, then we must have

2% 3% 1000=x
39

:>§+5—x—x=1000
39

jwzlooo

:>§=1000
9

500

:>x=%><1»960=4500

-, Capacity of the cistern = 4500 litres.

21
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Exercise

1(i) Find the fourth proportional to 0.2,0.12 and 0.3
(i1)) Find the mean proportional of 0.25 and 0.04.
(iii) Find the third proportional to Rs. 3 and Rs. 1.20.
2.(1) If (a+b):(a-b)=11:7finda:b
(i) Ifa:b=3:4andc:b=4:5finda:c
@) If x:5:12=3:y:6findx:y
3. A and B earn in the ratio 2 : 1, spend in the ratio 5 : 3 and save in the ratio 4 : 1. If their
combined monthly savings is Rs. 5,000, find the monthly income of each of them.

4, Divide Rs. 1674 among Moon, Dhiraj and Bhargab such that if Rs. 42, Rs. 23 and Rs. 9
are respectively deducted from their shares, then the ratio of their shares becomes
3:5:12.

5. 15 men or 12 women can complete a piece of work in 44 days. In how many days 4 men
and 16 women can complete the same work?

6. 2 men and 5 boys can do %2 of a piece of work in 5 days. Again 3 men and 4 boys can do

1
3 of the work in 3 days. How many days will 9 men take to complete the work?

7. A contractor undertakes to complete a work in 90 days. He first employed 152 men who

3
worked 6 hours a day and finished 1 of the work in 75 days. How many more men

should he employ to finish the work in stipulated time if they work for 8 hours a day?

3
8. Prabhat finished gfh of'a work in 9 days and the remaining work be finished in 4 days

with the assistance of Rajib. Find in how many days Rajib alone can do the work.
9. A and B together can do a piece of work in 12 days, B and C in 15 days, and C and A in
20 days. How many days will A alone take to do the work?

10. A and B working together can complete a piece of work in 12 days and B and C working
together can complete the same work in 16 days. A worked at it for 5 days and B
worked at it for 7 days. C finished the remaining work in 13 days. How many days would
C alone take to complete the work?

2
11.  Awater tank is gth full. Pipe A can fill the tank in 10 minutes and the Pipe B can empty

itin 6 minutes. If both the pipes are opened, how long will it take to empty or fill the tank
completely?



Ratio and Proportion 23

12. Two tapes A and B can separately fill a cistern in 10 minutes and 15 minutes respectively
and when the waste pipe C is opened, then all three pipes A,B and C together can fill it
in 18 minutes. Find the time to empty the cistern by the waste pipe C.

Answers

1(1) 0.18 (ii) 0.1 (i) Rs.0.48=48p

2 (i) 9:2 (i) 15:16 (i) 12:5

3. Rs. 14,000, Rs. 7,000

4, Moon = Rs. 282, Dhiraj = Rs. 423, Bhargab = Rs. 969

5. 24 days 6. Sdays 7.38 men 8. 30 days 9. 30 days
10. 24 days 11. 6 minutes to empty 12. 9 minutes.



24 Financial Mathematics-I

Profit and Loss

Introduction :

When a person deals in the purchase and sale of any item, he either gains or loses some
amount generally. The commonly used terms in dealing with questions involving sale and pur-
chase are cost price, selling price, profit, loss etc.

Cost Price : The price at which an article is purchased, is called the cost price of the article.
Cost price is abbreviated as C.P.

Selling Price : The price at which an article is sold, is called the selling price of the article.
Selling price is abbreviated as S.P.

Profit or Gain : If the selling price of an article is more than the cost price, then there is a gain
or profit.

Profit or Gain = S.P. — C.P.

Loss : If the cost price of an article is more than the selling price, then there is a loss
Loss = C.P. — S.P.

Note that profit and loss are always calculated on cost price.

Profit percent : Profit percent is written as profit % and we use the following formula to find
the profit percent

Profit

Profit % = cp x100

Loss 100
P

Loss percent : We write Loss Percent as Loss % and |Loss % =

Note : However, if it is mentioned that we need to calculate profit or loss percent on the selling
price, in that case

Profit
0 = x100
Profit % Sp
Loss
o = x100
Loss % SP

In such cases, x% profit or loss would mean that there is a profit or loss of Rs. x when S.P.
=Rs. 100.

Worked out Examples

Example 1 : Mohan buys a watch for Rs. 350 and sells it for Rs. 392. Find his percentage of
profit.



Profit and Loss 25
Solution: Here C.P = Rs. 350
S.P =Rs. 392
Profit=S.P - C.P
= Rs. (392 —350) = Rs. 42.

Profit 1 00%

.. Percentage of profit =

=12%
Example 2 : Show that

25% profit on C.P. = 20% profit on S.P.
Solution: 25% profit on C.P. means that if C.P. = Rs. 100 then S.P. = Rs. 125.

Let x be the
C.P when S.P. C.P
SP=Rs. 100 125 100
100 x
4
Cox= %E)OOX Ho0” _ 80
5

Thus when S.P. = Rs. 100, C.P =Rs. 80

- Profit=S.P— C.P =Rs. (100 — 80) = Rs. 20
Thus profit = Rs. 20 when S.P = Rs. 100.

. Profit percent on S.P. =20%

Thus 25% profit on C.P = 20% profit on S.P.
Example 3 : Suresh buys a camera for Rs. 1800 and sells it at 10% loss. Find its selling price.

Solution: Here C.P. = Rs. 1800
Loss = 10% of C.P.

10
_[mxm(w}
=Rs. 180

S.P. =C.P. — Loss
= Rs. (1800 — 180)
=Rs. 1620.
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Example 4 : A shopkeeper losses 7% by selling a cricket ball for Rs. 31. For how much should
he sell the ball so as to gain 5% ?
Solution: 7% loss means if C.P. = Rs. 100 then S.P. = Rs. 93.

Let Rs. x be the C.P. of the ball

S.P. C.P.
31
x=Rs.| 100x —
93 100 ( 393J
100
1 =Rs.—
3 X 3
) 100
-. C.P. of the cricket ball = Rs. T

5% gain means if C.P. = Rs. 100 then S.P. = Rs. 105
Let Rs. y be the S.P. of the cricket ball

) 100
When its C.P. = Rs. T
100
C.P. S.P. re | 105 3
.. y=Rs. X —2—
100 105 Y 100
100
I
35160 1
=Rs. [ 105X —x —
(1655 5)
=Rs. 35

. To gain 5% he should sell the ball for Rs. 35.
Example 5 : When the selling price and gain% are given then express cost price in terms of
gain% and selling price.

Or

Establish the formula

op— | —220 lisp.
o 100+ gain%

Solution: We have

ain
Gain% = gcTX 100
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_ S.p.—C.P. <100
CP

= [ﬂ - 1) x100
C.P.

)
_ gain% S.P. 1

100 C.P.
)
N S.P. 14 gain%
C.P. 100
S.P. (100+ gain%
- =
C.P. 100

scp=|—% _Lsp
100 + gain%

Note : From the above formula we have

100 + gain%
= | —— |xC.P.
sp. - 10T

27

Example 6 : If the cost price of 72 oranges is the same as the selling price of 64 oranges, find

the gain percent.

Solution: C.P. of 72 oranges = S.P. of 64 oranges
Clearly, gain = S.P. of (72 — 64) = 8 oranges

Let S.P. of 8 oranges = Rs. x
-. S.P. of 8x8 =64 oranges = Rs. 8x
-. C.P. of 72 oranges = Rs. 8x

gain

. ; = x100%
. Gain percent Cp ()

:( Rs.x XmOJ%

Rs.8x

= (l X IOOJ%
8

=12.5%
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Example 7 : A man buys 4 lemons for Rs. 3 and sells 5 for Rs. 4. How much percent gain or

loss does he make on the selling price?
Solution: Let total number of lemons bought = x
C.P. of 4 lemons = Rs. 3

3x
C.P. of x lemons = Rs. T
S.P. of 5 lemons = Rs. 4
4x
S.P. of x lemons = Rs. ?
4x 3x 16x—-15x «x
— = T =" >0
5 4 20 20
L 4x 3x_ x
R R
ain
. gain percent on S.P. = £ P x100%
x
- %xlOO %
5
25
=ixixl—66%
20 4x
&
=£% =6l%
4 4

Example 8 : A shopkeeper sold two bicycles for Rs. 1500 each. On one he gains 25% and on
the other he losses 20%. What is his gain or loss percent in the whole transaction?

Solution: 25% profit means if C.P. = Rs. 100 then S.P. = Rs. 125.

Let Rs. x be the C.P. when S.P. = Rs. 1500

S.P. C.P. A 1%080
125 100 x=Rs.| 100x ——
1500 x

=Rs. 1200

. C.P. of the first bicycle = Rs. 1200

125
5
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20% loss means if C.P. = Rs. 100 then S.P. = Rs. 80
Let Rs. y be the C.P. when S.P. = Rs. 1500

SP.  C.P. .
25
80 100 y=Rs. 100x%
1500 ;
= Rs. 1875

-, Total C.P.=Rs. (1200 + 1875) = Rs. 3075.
Total S.P. = Rs. (2x1500)= Rs. 3000
Clearly C.P. > S.P.
-. There is a loss
Loss = C.P. — S.P.
=Rs. (3075 - 3000)
=Rs. 75

Loss
-, Loss percent = [HXIOO %

= x100 (%
3075

123 4

_100,, 518,
41 41

18
: 2—% )
Ans m o loss

Example 9 : A person purchases 90 clocks and sells 40 clocks at a gain of 10% and 50 clocks
at a gain of 20%. Had he sold all the clocks at a uniform profit of 15%, he would have got Rs.
40 less. Find the C.P. of each clock.

Solution: Let C.P. of each clock = Rs. x
S.P. of 40 clocks at a gain of 10%
= Rs. 40x + 10% of 40x [S.P. = C.P. + gain]

- Rs. [40x + % x 4(I)x)

= Rs. 44x
S.P. of 50 clocks at a gain of 20%
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=Rs. 50x +20% of 50x

20
= Rs. (SOx + 0 X S(I)xj

=Rs. (50x + 10x) = Rs. 60x
. Total selling price of 90 clocks
= Rs. 44x + Rs. 60x = Rs. 104x
S.P. of all the 90 clocks at a uniform profit of 15%
=Rs. 90x + 15% of 90x

3

¥5
= Rs. 9OX+ﬁX9(DX

2

27x 180x+27x
=Rs. 90x+7 =Rs. | =75

207x
2

= Rs.

According to the question,

207X | 40 =104x

:(104—%%:40

:(208;207}C=40

= x=2x40=80
-. C.P. of each clock = Rs. 80.

Example 10 : If 12 eggs are bought for Rs. 10 and sold 10 for Rs. 12. What is the gain or
loss% ?

Solution: Let number of eggs bought = x
C.P. of 12 eggs =Rs. 10

C.P. of =R &—R >
:. CP.ofxeggs =Rs. = =Rs. ©

S.P. of 10 eggs = Rs. 12
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S.P. of =R &—R o
P. of x eggs =Rs. —"=Rs.

6x 5x_36x—25x_&
5 6 30 30
-, There is a gain.

>0

in = S.P. CP—6—x—5—x_&
gain =8P - CP =--="—~="

gain% = % X 100%

1lx
=30 . 100%
S5x

6
2 2
_lx 8 60%
30 3x

=44% Ans: 44% gain
Example 11: The ratio of the cost price and the selling price is 4:5. What is the profit percent?
Solution: C.P.: S.P. = 4:5

Pro}f“ «100%

= (ﬂ) %x100%
C.P
= (2 - 1) x100%
C.P

=(§—ljx100%
4

Profit percent =

= %x 100% =25% Ans: 25%
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Example 12: A man sells his typewriter at 5% loss. If he sells it for Rs. 300 more, he will gain

5%. Find the cost price of the typewriter.
Solution: Method - 1

Let CP=Rs. x
At 5% loss . SP= CP-5%of C.P

19
=—x
20
At 5% gain S.P=C.P + gain
=x+5%ofx
S5x 1
=x+—=|14+—|x
100 20
21
=—x
20
According to the question,
195 500. 2L,
20 20
:ﬂx—2x=300
20 20
- 21x—-19x 300
20
2x

=—=300 =x=3000
20

. Required C.P = Rs. 3000.
Method-2
Let C.P.=Rs. 100
5% loss mean S.P = Rs. 95
5% gain means S.P = Rs. 105
Difference of the two S.P. = Rs. 105 — Rs. 95
=Rs. 10
Difference C.P.
10 100
300 ?
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300
Required C.P = Rs. (100 X WJ

= Rs. 3000.

Example 13: A manufacturer sells a mobile phone to a wholesale dealer at a profit of 10%.
The wholesaler sells the same to the retailer at a profit of 20%. The retailer, in turn sells the
mobile phone to the customer for Rs. 6600 and thereby gains 25%. Find the cost price of the
mobile.
Solution: Method - 1

Let the cost price of the mobile = Rs. x

Manufacturer gets 10% profit

S.P. for the manufacturer = Rs. (x + 10% of x)

R L
= Rs. 100

_pe ¥
10

Wholesaler gets 20% profit.

11x 1 lx
. S.P. for the wholesaler = Rs.

—+20% o
10

llx
10 LﬁO
(55x+¢1xJ

_ g 6%
5750

S.P. for the wholesaler = C.P for the retailer
66x

R_
750

66x 66x
iler = ——+25% of —
S.P. for the retailer = Rs. ( 50 00 50 J

33
66x 25 &6x
=Rs. |50 "100 56
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66x | 33x
50 100

ol
(132x+33x}
e

33x
= Rs. (2—()}
S.P. for the retailer = C.P. for the customer
33x
= Rs. ( 20 j
According to the question,

33x

—=06600
20
200
6600 x 20
>x=—
33
=4000
. Cost price of the mobile = Rs. 4000.
Method - 2

Retailer sells the mobile to the customer at a gain of 25%
25% gain means if C.P. = Rs. 100, S.P = Rs. 125.
Retailer sells it for Rs. 6600

1320
S.P. C.P. .
6600 ? 5
=Rs. 5280

. For the retailer C.P. = Rs. 5280
. For the wholesaler S.P = Rs. 5280
But wholesaler gets 20% gain

i.e. if CP=Rs.100 S.P=Rs. 120
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S.P. C.P. w

120 100 100 5980

5780 2 C.P. = Rs. “ 170
= Rs. 4400

. C.P. for the wholesaler = Rs. 4400

. S.P. for the manufacturer = Rs. 4400

But manufacturer gets 10% gain

10% gain means if C.P =Rs. 100, S.P=Rs. 110
S.P. C.P.

40
110 100 Cp ks 100X44@0
4400 ? - : gV

= Rs. 4000
. C.P. for the mobile = Rs. 4000.

Example 14: A difference of Rs. 4.50 in the sale price of an article would mean a gain of 7/2%
instead of a loss of 122%. What was the cost price of the article?

Solution: Method-1

7% gain means if C.P. = Rs. 100 then S.P =Rs. 107.50

12'42% loss means if C.P = Rs. 100 then S.P = Rs. 87.50

Difference between the two sale prices = Rs. (107.50 — 87.50) = Rs. 20

Now if the difference between the two sale prices is Rs. 20 then cost price of the article is
Rs. 100

Difference C.P CP—Rs. (IO(I)XEJ

20 100 20
4.5 ? 45
=Rs. 7 =Rs. 22.50
Method 2

Let cost price of the article = Rs. x

1
7":% gain means S.P = Rs. (H 75% Ofo

/153
=Rs. | " x100"
20

_Re. Bx
740
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1
12%% loss means S.P = Rs. (X—IZE%Oij

x— 25 X X
= Rs. 2)(1’96
e T
=Rs. ¢
According to the question,
Dx_TX_ g5 B0_y s
40 8 40
8x

=>—=45=>x=4.5%x5=225
40

5

- C.P.=Rs. 22.50

Example 15 : If the price of an article is increased by 10%, 4 less articles can be bought for
Rs. 440. Find the original price of an article.

Solution: Let Rs. x = the original price of an article

Number of articles bought for Rs. x =1

440
. Number of articles bought for Rs. 440 = 7

The price of an article is increased by 10%
. New price of an article = Rs. (x + 10% of x)

UL
= Rs. 100
11x

= Rs. W

With the new price

. Ilx
Number of article bought for Rs. 1

0

1
. Number of article bought for Rs. 1 =77
10
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40
I
10

. Number of article bought for Rs. 440 =

40
_ 4a0x 10
Hx
400
X
According to the question,

440 400
AL A
X X

440 400
=>—-—=4
X X

_, 440-400 _,

X
40
4
. Required original price is Rs. 10.

Example 16 : If the price of an article decreases by 20%, 6 more articles can be bought for
Rs. 3000. What was the original price of each article?

Solution: Let the original price of each article = Rs. x.
Number of article bought for Rs. x =1

=>x=—=10

. 3000
. Number of article bought for Rs. 3000 = T

Price of an article is decreased by 20%
. New price of an article = Rs. (x — 20% of x)

PN
= Rs. 100

With the new price
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4x
Number of article bought for Rs. S =1

3000
Number of article bought for Rs. 3000 = ax
5
750
=3000x =
x
3750
X

According to the question,

3000 3750 6
X X
3750 3000
= = +6
X X

= 3750 -3000 = 6x

125

:>750=6x:>x=£(T
1

.. Original price of each article = Rs. 125.
Example 17 : A man sells a watch at a profit of 20% on the selling price. If his cost price
would have been 5% less and selling price Rs. 30 less, there would have been a profit of 25%.
Find original cost price of the watch.
Solution: Let original C.P. of the article = Rs. x

20% profit on S.P. means if S.P = Rs. 100 then C.P. = Rs. 80

C.P. S.P. x
100x—
80 100 S.P. = Rs. ( * 80)
X ?
=Rs.5—x
4

Assumed cost price of the watch = 5% less
Assumed C.P. = Rs. x — 5% of x

20

19 x
20
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5x
Assumed S.P. = Rs. (7—3@
and profit = 25% of assumed C.P.

25 19x
— — X—

=Rs. 1_?0 20

(12
= Rs. 80

Now S.P. = C.P. + Profit

Ly 19v 19
4 20 &0
_ T6x+19x
80
&0 16
16
o ox _Dr_ g,
4 16
=20x-19x=16x%x30
= x =480

-, Original cost price of the watch = Rs. 480.

1
Example 18 : A man purchased 840 oranges. He sells Zth of these at 20% less. At what

percent profit should he sell the remaining oranges so as to make an overall profit at 20%?
Solution: Let cost price of all the 840 oranges = Rs. x
Overall profit is 20% means selling price of all the oranges = Rs. (x + 20% of x)

_ [Hz_“’xxj
=Rs- (" 00

I
—S.5

1
He sells Zth of the oranges at 20% less
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1
- S.P. of these Zth of the oranges

X X
= ——20% of —
Rs. (4 0 4j

x 2 x
=Rs. | 4 100 #
5

=Rs 4720

Sx—x)_ x
= Rs. 20 5

] o x) 3x
Cost price of remaining oranges = | X 4 = 4

Financial Mathematics-I

Let the remaining oranges be sold at y% profit to make an overall profit of 20%

. Selling price of remaining oranges

3x 3x
= —+y% of —
Rs. (4 Y7o 4j

x v 3
=Rs {3 7007 4

1 3
Now S.P. of Zth oranges + S.P. of Zth oranges

= S.P. of all the oranges

x (3x 3xy) 6x
S| | =—
5 4 400 5

1 (3 3y) 6
S| ot |=—
5 4 400) 5
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1
. Required profit percent = 335% )

Example 19 : A dishonest shopkeeper sell his goods at cost price but he uses a weight of 800
gm for the 1 kg weight. Find the gain percent.

Solution: Let C.P. of 1 kg =Rs. x
-, C.P. of 800 gm = Rs. 800x
S.P. of 800 gm = C.P. of 1 kg
= C.P. of 1000 gm
=Rs. 1000 x
(Since the shopkeeper uses 800 gm instead of 1 kg)
- Profit=S.P. - C.P.
= Rs. 1000x — Rs. 800x

=Rs. 200x
ain
. Gain percent = £ P x100%
Rs. 200x 100%
Rs. 800x
1
= leOO% =25%

Ans : 25%

Example 20 : A shopkeeper sells the goods at 44% loss on cost price but uses 30% less
weight. What is his percentage profit or loss?

Solution: Let total weight of goods = x kg and C.P. of 1 kg =Rs. y

-, C.P. of x kg goods = Rs. xy

He sells (x — 30% of x) kg goods

30 _Tx
100 10 “© . . 7x
Since he uses 30% less weight. Though he sold 10
7 7
C.P. of = kg = Rs. s kgm but he took price of x kg)

10 10
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Loss on C.P =44%
SP = C.P - Loss
=xy — 44% of xy

.
T

Financial Mathematics-I

_l4xy

(100—44} 56

100 160

25
Actual loss = Actual C.P. — S.P.
_ Ty 14y
10 25
_ 35xy—28xy
50

Loss  100%
P

Loss percentage =

Txy
30 100%
= Txy
10
20
- 7a—qrxﬂxlre()'%
30 Fxy

=20%
Ans : 20% loss.

25

7x
[Because he sold To kg goods

CP. of 2* kam= =¥
R T T

Example 21 : A grocer sells rice at a profit of 20% and uses a weight which is 25% less. Find

his overall percentage gain.

Solution: Let total weight of rice = x kg and C.P. of 1 kg =Rs. y

. C.P. of x kg rice = Rs. xy
He sells (x — 25% of x) kg rice



Profit and Loss

N
4 kgrice

CP. of 2X ke rice = Rs. >
xI. 0 4 grlce— S. 4

Profit =20%
S.P.= C.P. + profit He uses 25% less weight. He sold

=xy +20% of xy ) ) 4
he took price of x kg rice

3x

kg but

3x

Now gain = S.P. — C.P. of 4

kg rice

_Sw 3w
5 4

g4 100%
C.P

. Overall gain percent =

9y
=20 100%
3y
4
3 2
:gwxixm@%
20 Bxy

=60% Ans. 60%
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11.

12.

13.

1.
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Financial Mathematics-I

Exercise

Ifthe cost price of an article is Rs. 800 and profit is 20%, find the selling price of the article.

A mechanic buys a bicycle for Rs. 1125 and spends Rs. 75 for its repairs. If he sells it for
Rs. 1,500, find his profit or loss percent on selling price.

A man bought apples at the rate of 6 for Rs. 20 and sold them at 4 for Rs. 16. Find his
percentage of profit.

If the cost price of 21 watches is equal to the selling price of 18 watches, what will be the
gain percent in this transaction?

2
. Ifthe selling price of 3 rd of a certain quantity of milk be equal to the cost price of whole

milk. What will be the gain percent in this transaction?

A shopkeeper sells the goods at 10% loss on cost price but uses 20% less weight. What is
his percentage profit or loss?

Arun sells a watch to Biman at a gain of 20% and Biman sells it to Samir at a loss of 10%.
If Samir pays Rs. 1080, how much did it cost to Arun?

By selling an article for Rs. 96, double the profit is obtained than the profit that would have
been obtained by selling it for Rs. 84. What is the cost price of the article?

4
If selling price of an article is 3 of its cost price. What is the profit percent?

A man sold a calculator at a loss of 5%. Had he purchased it at 10% less price and sold it

1
at Rs. 126 more, then he would have gained 1 th of the C.P. Find the C.P. of the calculator.

Anil bought 80 chairs for Rs. 200 each. He sells 20 of them at a gain of 4%. At what gain
percent should he sell the remainder so as to gain 12% on the whole?

If 5% of selling price of an article is equal to 6% of its cost price and 8% of selling price
exceeds 9% of cost price by Rs. 4.50. Find the cost price and selling price of the article.

A shopkeeper sold a fan at Rs. 1230 and suffers a loss of 18%. What would have been the
gain or loss percent of it had been sold for Rs. 1600?

Answers

2
Rs. 960 (2) 20% profiton SP. (3) 20% (4) 163% (5) 50%

1
12/4% gain (7) Rs. 1000 (8) Rs.72 (9) 333% (10) Rs.720

2 2
(11) 143% (12) C.P.=Rs. 750, S.P. =Rs. 900 (13) gain 6%
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Discount
Few Terms

M arked price: Manufacturers, Publishers or Businessmen generally mark their articles in
a price higher than the actual selling price. The price is known as Marked Price (M.P.) or
List Price (L.P.) or Catalogue Price.

Discount:

Any concession or reduction given on the marked price of an article to the buyer by the
seller is known as Discount. In such situation, the selling price may be expressed as follows

Selling Price = Marked Price — Discount

Note:- Discount is always calculated on Marked Price.

Types of Discount:
In general, there are three types of discounts. These are

(i) Trade Discount: A rebate or allowance which is allowed on marked price is called Trade
Discount. So, trade discount is a kind of discount given on the marked price of an article by
allowing a margin of profit to the retailer.

(i) Cash Discount: A concession allowed for prompt payment in cash is known as Cash Dis-
count.

(ii)) Retail Discount : It is a kind of discount given by the retail trader to the end consumer. It
generally happens that the retail trader wants to dispose off their old stocks or clear off
their off season stocks.

This retail discount is a kind of discount given by the retailer on the marked price of an
article.

Note: Discount is calculated as percentage on M.P. Profit or loss is calculated as percentage
on C.P. (unless otherwise stated). Discount connects M.P. and S.P. whereas profit or loss
connects S.P. and C.P.

To find M.P. from C.P.,, at first we are to find S.P. from C.P. and then calculate M.P. from
S.P.

Series of Discounts:
Sometimes a shopkeeper may offer a series of discounts for various reasons.
In such cases

(i) The first discount is calculated on the marked price.

(i) The second discount is calculated on the reduced price obtained after giving the 1st dis-
count.

(iii) The third discount is calculated on the reduced price obtained after giving the second
discount, and so on.
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Worked out Examples
Example 1 : A discount of 15% is allowed on the marked price Rs. 24. Find the selling price.

Solution: 15% discount on marked price means if M.P. = Rs. 100 then S.P = Rs. 85.

6

17 24
M.P. S.P. |Required S.P.=Rs. | ¥ 150
255
17x6
100 85 ~Rs.
5
; 17x12
24 { = Rs. 10
_p 24
= KS. 10
— Rs. 20.40

. Required selling price = Rs. 20.40.

Example 2 : After allowing a discount of 12% an article is sold at Rs. 211.20; find the marked
price.

Solution: 12% discount means if M.P = Rs. 100 then S.P. = Rs. 88.

Let Rs. x be the M.P. when S.P. = Rs. 211.20

S.P. M.P. 11.20
88 100 X = Rs. [lOOx - )
211.20 X
2415
2H2
— Rs. 10 x P
&
=Rs. 240

-. Required marked price of the article is Rs. 240.

Example 3 : A photographer allows a discount of 10% on the advertised price of a camera.
What price must be marked on the camera which costs him Rs. 600 to make a profit of 20%?

Solution: C.P. of the article = Rs. 600
Profit = 20% on C.P.
. S.P. =C.P + Profit
=Rs. (600 + 20% of 600)
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20
=Rs. (600 +MX 6(I)(I)j = Rs. (600 + 120)

=Rs. 720
. S.P. =Rs. 720
Now discount = 10%
.. If M.P. =Rs. 100, S.P. = Rs. 90

S.P. MP 7%@
720 ?

=Rs. 800

.. Required marked price of the article is Rs. 800.

Example 4 : A dealer allows 12% trade discount and 5% cash discount. Find the S.P. if M.P.
of an article is Rs. 200.

Solution: M.P. of the article = Rs. 200
12% trade discount
If M.P. = Rs. 100, S.P. = Rs. 88

S.P. M.P.
88 100 SP - Rs. (ngmj
? 200 100

=Rs. 176
5% cash discount.
5% discount will be calculated on the reduced value i.e. on Rs. 176.
5% discount means if M.P. = Rs. 100 then S.P. = Rs. 95.

M.P. S.P.
100 95 n %
176 ? S.P. = Rs. 100
200
10
_Rs, 1872 _ o 1672
= KS. 10 = KS. .

Required S.P. = Rs. 167.20.
Note (i) : You may 'find the S.P. as follows
S.P.=Rs. (176 — 5% of 176)
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176 _8' li'l%
_ 76 — X
=Rs. 160

260

=Rs. (176 — 8.8) = Rs. 167.20.

(i) When a trader allows both trade and cash discounts, then the trade discount should be first
calculated followed by the cash discount on the reduced value.

Example 5 : A trader allows a discount of 20%, 10% and 10% on the marked price. Find the
S.P. of an article marked at Rs. 220.

Solution: Marked price = Rs. 220.
Ist discount =20%
.. 1st reduced price = Rs. (220 — 20% of 220)

20
- 220-——x220
Rs. ( 100 X j
=Rs. (220 — 44)

=Rs. 176
2nd discount = 10%
-, 2nd reduced price= Rs. (176 — 10% of 176)

10
= 176 ———x176
Rs.[ 10@>< )

=Rs. (176 — 17.6)
=Rs. 158.40
3rd discount = 10%

.. 3rd reduced price = Rs. (158.40 — 10% of 158.40)

10
e | 158.40- 22 1584
Rs. ( 100 )

=Rs. (158.40 — 15.84)
=Rs. 142.56

Ans: 142.56.

.. Required S.P. = Rs. 142.56.

Example 6 : Having marked his article 25% above cost, a trader makes a profit of Rs. 125
after allowing a discount of 15%, find the C.P.

Solution: Method-1
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Let M.P. =Rs. 100

Discount = 15%, - M.P.=Rs. 100, S.P. = Rs. 85.

Also M.P. is 25% above cost price

i.e. if C.P.=Rs. 100, M.P. = Rs. 125

MP.  CP . 2

125 100 C.P. =Rs. |05

100 ? ?
=Rs. 80

Thus if M.P. = Rs. 100 then S.P. = Rs. 85 and C.P. = Rs. 80
Thus when M.P. = Rs. 100 then profit = S.P. — CP

=Rs. 85 —Rs. 80
=Rs. 5
Thus if profit = Rs. 5 then C.P. = Rs. 80
Profit C.P. 20 x 25155
5 20 C.P.=Rs. rai Rs. 2000
125 ? . Required C.P. = Rs. 2000.
Method - 2
Let CP.=Rs. x

M.P. is 25% as above C.P.
M.P. =Rs. (x + 25% of x)

x+£><x
= Rs. 100

Discount = 15%

5x 5x
. = — —15% of —
- S.P. =Rs. 4 o 4j
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Sx _3x
=Rs |4 6

(20x—3x 17x
= Rs. —16 = Rs. 16

Profit = S.P. — C.P.

el
—S.16*S.x

According to the question,

X
— =125 = x=16x125

16
= 2000
. Required C.P. = Rs. 2000.

Example 7 : The list price of an article is 25% above the S.P. and C.P. is 40% below the list
price. Find the rate of discount and profit.

Solution: Let S.P. = Rs. 100
Given that the list price is 25% above the S.P.
. List price = Rs. (100 + 25% of 100)

25
= 100 +——x100
Rs. ( 100 j

=Rs. 125.
Again C.P. is 40% below the list price
-, C.P.=Rs. (125 -40% of 125)

2

40 25
_Re. | 125-"2x125
= Rs. 100

4
= Rs. (125 - 50)

=Rs. 75
Amount of discount = L.P. — S.P.
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=Rs. (125 -100)
=Rs. 25

Rate of discount is the discount when the L.P. = Rs. 100.

Listprice Discount "

Lo0
125 25 0 R | 25X
100 ? : : 1%;5
. : =209
. Rate of discount = 20% ~ Rs. 20
Now amount of profit = S.P. — C.P
=Rs. (100 - 75)
=Rs.25
C.P.  Profit
75 25 25, 100
x =Rs. 75
100 X 3
100 1

= —= 33—
Rs. 3 Rs. 3

1
Thus when C.P. = Rs. 100 then profit = Rs. 335

1
. Percentage of profit = 3 33%'

Example 8 : A bicycle agent allows 25% discount on his advertised prices and then makes a
profit of 20% on his outlay. What is the advertised price of a machine on which he gains Rs.
30?7
Solution: Advertised price means marked price

Let M.P. = Rs. 100
25% discount -, S.P. =Rs. (100 —25% of 100)

=Rs. (100 — 25)
=Rs. 75
Profit = 20%, i.e. if C.P =Rs. 100 then S.P. = Rs. 120 and profit = Rs. 20.
S.P. C.P. 25
120 100 H0x >
75 . x =Rs. 1;22
125
=Rs., —

Thus if M.P. = Rs. 100, then 2
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125
S.P.=Rs. 75 and C.P. = Rs. T
125
- Profit = Rs. (75_Tj
150-125
=Rs. T
R 25
=Rs. —
2 30
Proﬁt MP x= RS, 100)(2—5
2 2
2
4 2
30 X = Rs. (wﬂx 30x2—5j
= Rs. 240

. Required advertised price of the machine is Rs. 240.

Example 9 : A scooter dealer bought an old scooter listed at Rs. 26,000 and got successive
discounts of 5% and 10%. He spends some amount on repairs and sells it for Rs. 27,500
thereby gains 10%. Find the amount spent on repairs.

Solution: Here M.P. = Rs. 26,000
1st discount = 5%
Ist reduced price =Rs. (26,000 — 5% of26,000)

5
- 26,000 — —— x 26,000
Rs. [ 166 X j

=Rs. (26,000 — 1,300)
=Rs. 24,700
2nd discount = 10%
2nd reduced price = Rs. (24,700 — 10% of 24,700)

16
= 24,700 ———x 24,70
=Rs. (24,700 —2,470)

=Rs. 22,230
Now gain = 10%
- If C.P. =Rs. 100 then S.P. = Rs. 110
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Given that S.P. = Rs. 27,500

Let C.P. of the scooter including the repairing cost = Rs. x

S.P. C.P. 250 0
110 100 ¥ = Rs. 100 x —2
27,500 X

=Rs. 25,000

. C.P.=Rs. 25,000

. Amount spent on repairs + 2nd reduced price = C.P.

. Amount spent on repairs = C.P. — 2nd reduced price
= Rs. (25,000 — 22,230)
=Rs. 2770

Ans: Rs. 2770.

Example 10 : A trader allows his customer 5% discount on his list price. What would be the

1
list price of an article costing Rs. 712.50 to make a profit of 335% ?

Solution: Let list price = Rs. 100
- S.P.=Rs. (100 — 5% of 100)

5
= 100 ———x100
Rs. ( 100 j

=Rs. 95
Profit = 33%% = 120%
100 400

HCR=MJMMM&R=R&1W+?—=R&7T

S.P. C.P.

400 95

. x=Rs.| %00

95 X 3

3
_ e [106x95%x >
RS'( ) ><4@0}

R 28
—S.4
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285
Thus if M.P. = Rs. 100 then S.P. = Rs. 95 and C.P. = Rs. T
C.P. M.P.
712.5
285 100 y=Rs. 100> 285
4 a4
712.5 b%
2475, 425
H25
—Rs. | 100X ey 4 = Rs. (25 % 10x 4)
#Txg

. Required list price of the article is Rs. 1000.

Example 11 : A watch trader allows 20% trade discount and 20% cash discount. What would
be the list price of a watch costing Rs. 140 so as to make profit of 30% on selling price?

Solution: Let list price = Rs. 100

20% trade discount

1st discount =20%

Ist reduced price = Rs. (100 —20% of 100)
= Rs. (100 — 20)
=Rs. 80

20% cash discount

2nd discount =20%

2nd reduced price = Rs. (80 — 20% of 80)
= Rs. [80 —% X 80)

=Rs. (80— 16)
=Rs. 64
-. S.P. of the article = Rs. 64 (if M.P = Rs. 100)

30% profit on S.P. means

if SP=Rs. 100 then C.P. = Rs. 70 Tdx 64
SP. C.P. X=Rs. | Tog
120 70 g
6 X 10

CP is Rs. 44.8 then list price = Rs. 100 =Rs. 44.8

=Rs. 1000

J

Financial Mathematics-I
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~. CPis Rs. 140 then list price is

55
3 g
L@Oxmxﬁ
= Rs. 4§g
£
#
2
625
= Rs. T
=Rs. 312,50

. Required list price of the article is Rs. 312.50.

Example 12 : An article with a marked price of Rs. 625 is sold at a discount of 20% by
making a profit of 25%. Find the cost price of the article.

Solution: Let M.P = Rs. 100

20% discount means if M.P = Rs. 100 then S.P. = Rs. (100 — 20% of 100) = Rs. 80
25% profit means if C.P. = Rs. 100 then S.P. = Rs. 125

S.P. C.P. 15
4
125 100 I T Vi
x = Rs. 125
80 X 5
-, C.P.=Rs. 64 =Rs. 64
Thus if M.P. = Rs. 100 then C.P. = Rs. 64
M.P. C.P. y 62255
100 64 - R 64x ——
y S. 160
625 y #

=Rs. 400 -, Required C.P. = Rs. 400.
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Exercise

. A discount of 10% is allowed on the marked price Rs. 500, find the selling price.
. Adealer allows 15% trade discount and 10% cash discount. Find the S.P. if the M.P. of an

article 1s Rs. 400.

. A trader allows a discount of 20%, 10% and 10% on the marked price. Find the sale price

of an article marked at Rs. 345.
. A bicycle agent allows 20% discount on his marked price and makes 20% profit on his
outlay. What is the marked price of the bicycle on which he gains Rs. 240?

. Having marked his article 25% above cost, a trader makes a profit of Rs. 300 after allow-
ing a discount of 10%, find the cost price.

. A dealer altered his trade discount from 15% to 12%. Find the percentage of selling prices

altered.

. An article was sold at a loss of 10%. If it was sold for Rs. 50 more, there would have been

1
a profit of 15%. At what price should it be sold to gain 62% ?

. A person buys an article and sells it at a profit of 5%. If he had bought it at 5% less and sold
it for Re 0.37 less he would have gained 10%; find the original cost price.

1
. A dealer is offered a discount of 141% by one wholesaler and 10% and 5% by another.

Find which is cheaper. If he purchases at cheaper rate and sells at 7% below the list price,
find the profit he makes.

. A trader is offered a discount of 15% by one wholesaler, while he is offered a discount of
12% and further cash discount of 3% by another. Find which is cheaper. If he purchases at
the cheaper rate and sells at 5% below list, what rate percent profit does he earn (i) on his
C.P. (i1) On his S.P.

. How much percent above the cost price should a shopkeeper mark his goods so that after
allowing a discount of 20% on the marked price, he gains 25%?

12. Which of the following discount series is better to the customer

e i I

o

i) 20%, 15% and 10%
(i) 25%, 12% and 8%

Answers
Rs. 450 2. Rs. 306 3. Rs. 223.56
Rs. 1800 5. Rs. 2,400 6. 3.53%

Rs. 180, 2nd part =Rs. 212.50 8. Rs. 74
2nd is cheaper and profit = 8.77%

Ist offer (i) 11.76% (ii) 10.53%

56.25% 12.  2nd
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Mixture
Introduction:
Mixture or Alligation is a rule to find

(a) The ratio in which two or more ingredients at their respective prices should be mixed to

give a mixture at a given price.

(b) The mean or average price of a mixture when the prices of two or more ingredients which

may be mixed together and the proportion in which they are mixed are given
Here, cost price of a unit quantity of mixture is called the mean price.
Alligation Rule :

Suppose, Rs. d per unit be the price of first ingredient (superior quality) mixed with another
ingredient cheaper quality of price Rs. ¢ per unit to form a mixture whose mean price is Rs. m

per unit, then the two ingredients must be mixed in the ratio

Quantityof cheaper _ C.P (superior)— Mean price

Qualityof superior = Mean price — C.P (cheaper)

i.e. the two ingredients are to be mixed in the inverse ratio of differences of their prices and the
mean price.

The above rule may be represented as follows :

C.P. of a unit of C.P. of a unit of
cheaper quality (c) superior quality (d)

~.__

Mean Price

" \
/ (m — C)

(d—m)
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Quantity of cheaper _d-m
" Quantityof superior quality Cm-c
Proof : Let x kg of cheaper quality is mixed with y kg of superior quality.
". Price of cheaper ingredient = Rs. cx
Price of superior ingredient = Rs. dy
.. Price of mixture = Rs. (¢x + dy) and quantity of mixture = (x + y) kg

' . cx+dy
.. Price of mixture per kgm = Rs. Xty
cx+dy Cm
x+y

= cx+dy=mx+my
=>mx—cx=dy—my

=>(m-c)x=(d-m)y

x_d-m
y m-c
Working Rule

(i) All the prices must be expressed in the same unit.
(i) The cost price (C.P.) of the mixture must lie in between the cost prices of the other

ingredients.

(iii) All prices used should be cost prices. If in some cases, the selling price of the mixture at
profit or loss is given, then find the corresponding cost price.

(iv) Now apply the following formula to find the required ratio

Quantity of cheaperquality d—m
Quantityof superiorquality m—c

_ Istkind _ differenceof C.P.of mixture with the 2nd kind
1€ ondkind differenceof C.P.of mixture with that of 1stkind

Worked out Examples

Example 1 : In what ratio two varieties of tea one costing Rs. 27 per kg and the other costing
Rs. 32 per kg should be blended to produce a blended variety of tea worth Rs. 30 per kg. How
much should be the quantity of second variety of tea, if the first variety is 60 kg?



Mixture 59

Solution :

C.P. of 1 kg of C.P. of 1 kg of superior
cheaper tea (Rs. 27) tea (Rs. 32)
Mean Price
Rs. 30
Rs. 30 — Rs. 27
Rs. 32 —Rs. 30 = Rs. 3
=Rs. 2

The required ratio of the two varieties of tea is 2 : 3

Quantityof cheapertea 2

L.e. Quantityof superiortea 3

60 kg 2

Quantity of superiortea 3

30

3
=> Quantity of superior tea = [50 X ijg =90 kg

". The second variety of tea = 90 kg.
Example 2 : Sugar at Rs. 15 per kg is mixed with sugar at Rs. 20 per kg in the ratio 2 : 3. Find
the price per kg of the mixture.
Solution : Let the price per kg of the mixture = Rs. x
i.e. mean price of the mixture = Rs. x

C.P. of 1 kg of C.P. of 1 kg of superior
cheaper sugar (Rs. 15) sigar (Rs. 20)
Mean Price
Rs. x

Rs. (20 — x) / \ Rs. (x — 15)
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Quantity of cheapersugar 20 —x

Quantity of superiorsugar x—15
According to the question,

20-x 2
x-15 3
= 60— 3x=2x-30

= 3x+2x=60+30

=18

=5%x=90=x=

V.1
Thus, the price per kg of the mixture = Rs. 18.

Example 3 : In an examination out of 480 students 85% of the girls and 70% of the boys
passed. How many boys appeared in the examination if total pass percentage was 75% ?

Solution :

Pass % of boys Pass % of girls

(70%) (85%)

Mean %
(75%

N

85-75=10 7570 =5

Numberof boys 10 _ 2
Numberofgirls 5 1

Numberof girls 1

Number of boys 2

Number of girls e 1 ‘1

Number of boys 2

N Numberof girls + Number of boys 1+2
Number of boys 2
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Numberof students 3

Number of boys 2
480 3

j =
Numberof boys 2

160
= Number of boys = 4%0x}

=320
.. Number of boys appeared = 320.
Example 4 : In what ratio must water be added to spirit to gain 10% by selling it at the cost
price?
Solution: Let the C.P. of spirit = Rs. 10 per litre
A/Q, S.P. of the mixture = Rs. 10 per litre
Gain=10%
. If C.P. = Rs. 100 then S.P. = Rs. 110

S.P.of themixture C.P.of themixture

110 100
10 X

10 100
. x=Rs. (100ij=RS. (TJ

. 100 )
. C.P. of the mixture = T per litre.

C.P.of waterperlitre C.P.of pure spirit per litre
Re0 Rs.10
Mean Price
L
100 " 1

10——
Rs. ( 11 j /

110-100 100

el —-0
Rs. ( 1 j Rs. [ 1 j

10 [l

Rs. H Rs. 1
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10
Quantity of water 11

Quantity of spirit 100
11

10 11
= — X —-
11 100

1
10
.. Quantity of water : Quantity of spirit
=1:10.
Example 5 : In mixing two types of tea, 2% is wasted. In what ratio tea costing Rs. 60 per kg

be mixed with tea costing Rs. 45 per kg so that by selling the mixture at Rs. 62.50 per kg, there
is a gain of 25% on total outlay.

Solution: Cost price of 1st kind tea per kg = Rs. 60
Cost price of 2nd kind tea per kg = Rs. 45
Selling price of the mixture per kg = Rs. 62.50

Since 2% tea is wasted at the time of mixing, therefore if the trader buys 100 kg of tea, he can
sell 98 kg of tea only

Now S.P. of the mixture = Rs. 62.50 per kg
.. Total S.P. of the mixture = Rs. (62.50%98)
=Rs. 6,125
Now gain = 25%
- If C.P. = Rs. 100, then S.P. = Rs. 125

S.P. C.P. 245 49
125 100
_ Rs.100%
6125 x| 125
5
— Rs. 4,900

.. Cost price of 100 kg mixture = Rs. 4,900

4900
100
=Rs. 49

. C.P. per kg mixture = Rs.
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Istkind 2nd kind
Rs. 60 Rs. 45

N

C.P. of mixture
per kg (Rs, 49)

e

Rs. (49 —45)
=Rs. 4

/N

Rs. (60 — 49)
=Rs. 11

Istkind : 2nd kind=4: 11
Ans:4:11

Example 6 : A fruit seller buys oranges of two kinds. One kind of Rs. 24 per dozen and other
at Rs. 16 per dozen. These were mixed up and he sells them for Rs. 24 per 15 and thereby
makes 5% profit on his outlay. Find the mixing ratio of two kind of oranges.

Solution:
C.P. of 1st kind per dozen = Rs. 24
C.P. of 2nd kind per dozen = Rs. 16
S.P. of the mixture = Rs. 24 per 15

S.P. of other mixture per dozen

24 4
_ ——xZ
Rs. §%

5

_Re 28
= Rs. 5
Profit = 5%

C.P=Rs. 100 S.P.=Rs. 105

S.P. C.P.
05 100
1 100 x 9/5
% x =Rs. 105

5
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420 9632 1
= Rs 160x% 5 x%
21
4x32
= Rs. 7
128
S. -
Ist kind
Rs. 24
(per dozen)

Financial Mathematics-I

2nd kind
Rs. 16 (per dozen)

C.P. of mixture
per dozen Rs.

128
7

128-112
o (12512)

7
16
—RS.7
2
16 40 16 7 2
15tkind:2ndkind=757:7)(%:5:2:5
5

Required mixing ratio=2: 5.

)

128
Rs. (24 —TJ

168-128
= Rs. g

Example 7 : The ratio of milk and honey in two vessels are 2 : 3 and 4 : 3 respectively. At what
ratio the mixtures from the two vessels must be mixed so that the new mixture may contain

equal quantities of milk and honey.
Solution:
In the 1st vessel, Milk : Honey=12: 3
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In the 2nd vessel, milk : honey=4: 3

Let total mixture in the 1st vessel = x litre

& total mixture in the 2nd vessel = y litre

2
.. Amount of milk in the 1st vessel = ?x litre
) 3x
Amount of money in the 1st vessel = 5 litre
o 4y .
Amount of milk in the 2nd vessel = 7 litre

3
Amount of honey in the 2nd vessel = Ty litre

2x 4y
Total amount of milk = ? + 7 litre

3x 3y .
Total amount of honey = = + ey litre

According to the question,

2x 4
2x 4y _3x 3y

5 7 5 7
3x _2x _4y 3y
5 5 7 7
XY x5
7 oy 7
=>x:y=5:7

. The two given mixtures should be mixed in the ratio 5 : 7.

Example 8 : 30 gallons of mixture of spirit and water contains 60% spirit. How much water
must be added to it to raise the amount of water to 75% ?

Solution: In 30 gallons of mixture of spirit and water contains 60% spirit.
.. Amount of spirit = (60% of 30) gallons

60
= —x30¢
I(I)(I)X gallons

=18 gallons
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. Amount of water = (30 — 18) gallons = 12 gallons

Let water added in the mixture = x gallons

.. Amount of water in the new mixture = (12 + x) gallons
Amount in new mixture = (30 +x) gallons

Water in the new mixture = 75%

S 75% of B0 +x)=12 +x

:>£x(30+x)=12+x
100

:%x(30+x):12+x

= 90+3x=48+4x

= 4x-3x=90-48

=>x=42

.. Water must be added = 42 gallons.
Ans: 42 gallons.

Financial Mathematics-I

Example 9 : 42 litres of spirit contains paint and thinner in the ratio 4 : 3. How much thinner
must be added to it in order that the mixture may contain paint and thinner in the ratio 4 : 5.

Solution:

4 6
Amount of paint in the mixture = [;,X 43’} litres = 24 litres

6
Amount of thinner in the mixture= [}X 42/} litres = 18 litres

Let x litres of thinner must be added to the mixture of spirit to make the ratio of paint and

thinner 4 : 5.
24:18+x=4:5
24 _i
18+x 5

= (18+x)x4=24x5
= 18x4+4x=120
=4x=120-72=48

48 .
= x=7= 12 Ans: 12 litres
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Example 10 : A milkman mixes 10 litres of milk costing Rs. 11 per litre with 20 litres of milk
costing Rs. 14.50 per litre. He adds water to the mixture and makes a profit of 20% by selling
Rs. 8 per litre. How much water does he mix?

Solution:
Total cost price of the mixture

=Rs. (10x11+20x14.50)

=Rs. (110 +290)
=Rs. 400
Profit = 20%
.~ S.P.=Rs. (400 + 20% of 400)

20

= Rs. (400 + 80) = Rs. 480
He sells the mixture at Rs. 8 per litre

8
.. Quantity of mixture sold = S litre

=60 litre
He bought milk = (10 + 20) litres
=30 litres
. Quantity of water he added
= (60— 30) litres
=30 litres
Ans: 30 litres.

Example 11 : Three equal jars are filled with mixtures of spirit and water in the ratio 5 : 3,
3:1and9: 7 respectively. The contents of three jars all emptied into a single jar. Find the ratio
of spirit and water in the big jar.

Solution: Let capacity of each jar = x litre
In the 1st jar, spirit : water=5:3
In the 2nd jar, spirit : water=3 : 1
In the 3rd jar, spirit : water=9 : 7

S5x

Amount of spirit in the 1st jar = Y
: .3
Amount of water in the st jar = r}

X
Amount of spirit in the 2nd jar = vy
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X
Amount of water in the 2nd jar = n

9
Amount of spirit in the 3rd jar = %

Tx
Amount of water in the 3rd jar = —

16
Total t of ..t_5_x+3_x+9_x
otal amount of spirit = s 71 T 16
B 10x+12x+9x
- 16
3k
16
Total tof water = X+ X+ 1%
otal amount of water = s "1 16
B 6x+4x+7x
16
17
16
) .. . . 31x 17x
.. Ratio of spirit and water in the big jar = ? : Y
3l
__16
17x
16
:£=31:17
17

Ans: 31:17

Example 12 : A grocer sells one quality of tea at Rs. 28 per kg and sustains a loss of 12%2%
and another quality at Rs. 24 per kg and gains 20%. In what ratio must he mix these two
qualities so that the mixture may be sold at Rs. 30 per kg and a profit of 25% is made on the
outlay?

Solution: 1st quality of tea
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S.P. = Rs. 28 per kg, Loss =122%

175
Loss = 12%% means if C.P. = Rs. 100 then S.P. = Rs. 87", =Rs. —

2
S.P. C.P
28
175 Bkl
- 100 | x=Rs | 775
28 b 2
4 4 2
100x 28x —
=Rs. 175
ZF
=Rs. 32
. C.P. of the 1st kind = Rs. 32
2nd quality of tea
S.P. = Rs. 24 per kg, gain = 20%
Gain = 20% means if C.P. = Rs. 100 then S.P. = Rs. 120
S.P. C.P 2
24
12 1 - 100 x —
0 00 y=Rs. ( JQ@J
24 y
=Rs. 20
.. C.P. of the 2nd kind = Rs. 20
Now S.P. of the mixture = Rs. 30 per kg and profit = 25%
* CP.=Rs. 100, S.P.=Rs. 125
S.P. C.P . 2
1205 100 )R 1oox S0
30 ? I = KS. p»5
5
=Rs. 24
. C.P. of the mi =Rs. 24 .
C.F. of the mixture = Rs Lstkind 2nd kind (C.P)
(C.P) Rs. 32 / 20

Rs. 24

Rs. (24 — 20 \ Rs. (32 — 24)

=Rs. 4 =Rs. 8
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Istkind: 2ndkind =4: 8

=—=—=1:2

4 1
8 2
Required ratio=1: 2.
Example 13: A trader mixes 100 kg of rice at one price with 50 kg of rice at a dearer price. By
selling the mixture at Rs. 14.52 per kg he makes a profit of 10% on his outlay. Find the price of
each kind of rice, the difference in their prices being Rs. 1.20 per kg.

Solution:

S.P. of the mixture per kg = 14.52

Profit=10%

C.P.=Rs. 100, S.P. = Rs. 110

S.P. CP | oo (100x 1452}
110 100 110
14.52 X 1457 132
=Rs. 1o
10
=Rs. 13.2

. C.P. of the mixture per kg = Rs. 13.2
Let C.P. of the Ist kind = Rs. x per kg
and C.P. of the 2nd kind = Rs. (x + 1.20) per kg

1st klnd an kind
x+1.20
X /
13.2
/ Rs. (13.2 — x)

[(x+1.20)-13.2]
=Rs. (x — 12)
. Istkind : 2nd kind = (x — 12) : (13.2 —x)
100 x-12
> — =
50 132-x
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2 x-12

1 132-x
=264-2x=x—-12
= x+2x=264+12
= 3x =384

:>x=¥=12.80

. C.P. of the Ist kind =Rs. 12.80 per kg
C.P. of the 2nd kind = Rs. (12.80 + 1.20)
= Rs. 14.00 per kg

Example 14: Two mixtures A and B contain glycerine and water in the ratio 4 : 5 and 3 : 2
respectively. How many litres of B must be mixed with 54 litres of A so that the resulting
mixture may contain equal quantities of glycerine and water?
Solution: In the mixture A

Glycerine : Water=4: 5

Amount of mixture = 54 litres
.. In the mixture A

4 6
Amount of glycerine = EX% litres

=24 litres

5 6
and Amount of water = (%X 54} litres = 30 litres

In the mixture B

Glycerine : Water=3: 2
Let in the mixture B

Amount of glycerine = 3x
and amount of water = 2x

(24 +3x)=(30 + 2x)

=3x-2x=30-24
= y =6 litres
~. The mixture B contains (3x 6) litre = 18 litres glycerine
and the mixture B contains (2x6) litre = 12 litres water
. Quantity in mixture B
= (18 +12) litres = 30 litres
. 30 litres of B must be mixed with 54 litres of A.
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10.

11.

12.

1.
4.

10.
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Exercise

Zinc and copper are in the ratio 5 : 3 in 200 gm of an alloy. How much gm of copper be
added to make the ratio as 3 : 57

Tea at Rs. 126 per kg and at Rs. 135 per kg are mixed with a third variety in the ratio
1:1:2. If the mixture is worth Rs. 153 per kg, find the price of the third variety per kg.

A shopkeeper sells milk which contains 5% water. What quantity of pure milk should be
added to 2 litres of milk (containing 5% water) so that proportions of water becomes 4%?

A grocer purchased 20 kg of rice at the rate of Rs. 15 per kg and 30 kg of rice at the rate

1
of Rs. 13 per kg. At what price per kg should he sell the mixture to earn 335% profit on

the cost price?

. A'merchant buys sugar at Rs. 4.10, Rs. 3.75 and Rs. 4.50 per kg and mixes in the proportion

5:4: 1. At what price must he sell the mixture so as to gain 25%?

In mixing tea, 1 kg in every 100 kg is wasted. In what proportion must a dealer mix tea
which cost him Rs. 24 and Rs. 18 per kg respectively, so that the cost is Rs. 20 per kg?

Two vessels contain mixture of milk and water in the ratio 5 : 1 and 9 : 1 respectively. In
what ratio should the two mixtures be mixed so that a new mixture containing milk and
water in the ratio 8 : 1 is formed?

A mixture of milk and water contains 12/2% water. How much water should be added to
300 litres of such mixture so that the new mixture may contain 37"2% water?

A milkman mixes 32 litres of water with 168 litres of milk costing Rs. 15 per litre. At what
price should he sell per litre mixture so as to make one third profit on his outlay?

A trader mixed tea costing Rs. 100 per kg with tea costing Rs. 75 per kg. By selling the
mixture at Rs. 108 per kg he made a profit of 20%. In what ratio did he mix the two kind?
Dipak mixes 200 kg of flour at one price with 100 kg of flour at a cheaper price. By selling
the mixture at Rs. 16.25 per kg he makes a profit of 25% on his outlay. Find the price of
each kind if the difference in their prices is Rs. 1.50.

In a liquid mixture 20% is water, and in another mixture water is 25%. These two mixtures
are mixed in the ratio 5 : 3. Find the percentage of water in the final mixture.
Answers
1
1335 2. 175.50 perkg 3. 0.5litres
Rs. 18.40 5. Rs.5.00 6. 3:7
1:5 8. 120litres 9. Rs.16.80

7
3:2 11. Rs. 13.50; Rs. 12.00 12. 21§
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Unit II : Sets and Linear Functions

Sets

1.1 Introduction :

The notion of a set is most fundamental in mathematics. The theory of set was originated
by the German mathematician Georg Cantor in 1895. In this chapter we will discuss some basic
definitions, examples and different operations of sets with some applications.

1.2 Definition :

A set is a well-defined collection of objects. The objects are called elements or members
of the set.

Sets are usually denoted by capital letters A, B, C, X, Y, Z, etc. Similarly lower case letters
a, b, ¢, X, y, z, etc. are ordinarily used to denote the elements of a set.

Now we examine the following collections:
(i) The collection of the vowels in English alphabet.
(i) The collection of the prime numbers less than 20.
(ii)) The collection of all girls in your class.

(iv) The collection of all the solutions of the quadratic equation y2 _4x+4 =0

Every collection mentioned above is a well-defined collection of objects because we can
decide whether a given particular object belongs to a given collection or not. So every collection
is a set.

Next we consider the following collections:
(1) The collection of good cricket players in India.
(i) The collection of ten most talented writers in India.
(ii}) The collection of most dangerous animals of the world.

Since a good cricket player cannot be defined, therefore the collection in (i) is not a set.
Similarly the other two collections in (ii) and (iii) are also not sets.

Some standard sets in Mathematics are as follows :
N : the set of natural numbers.
W : the set of whole numbers.
Z : the set of integers.
R : the set of real numbers.
7" : the set of positive integers.
Q" : the set of positive rational numbers.
R" : the set of positive real numbers.
1.3 Representation of a set :
There are two methods of representing a set :
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(1) Roster form or tabular form.
(i) Set-builder form.

(i) Roster form or tabular form : In this form, all the elements of a set are listed, the
elements are being separated by commas and are enclosed within braces { }. Some examples
of representing a set in roster form are as follows :

(a) The set of all vowels in the word 'EQUATION' is {A, E, I, O, U}.
(b) The set of natural numbers less than 7 is {1, 2, 3,4, 5, 6}.
(c) The set of all prime numbers less than 7 is {2, 3, 5,7, 11, 13}.

(d) The set of solution of the equation 2 — 4 is {-2,2}.

(ii) Set-builder form : In this form, all the elements of a set possess a single common property
which is not possessed by any element outside the set. In other words a set is described by a
property p(x) of its elements x. In such a case the set is written as {x | p(x) holds}. Some
examples of representing a set in set-builder form are as follows :

(a) LetA={2,3,5}. Then A can be written in set-builder form as
A = {x|x is a prime number less than 7}.
(b) LetB=1{4,5,6,7,8,9}.

Then B can be written in set-builder form as B = {x | x is a natural number and 3 <x <10).

(¢) LetC=1{2,4,6,.....}. Then C can be written in set-builder form as
C = {x | x is an even natural number).
1.4 Notation :

If x is an element of a set X, then we write x e X and say x belongs to X or x is in X. Thus,
if V is the set of all vowels in English alphabet, then 4 e V butd ¢ V . If x is not a member of
a set X, then we write x ¢ X,

1.5 Definition :

A set is said to be empty or null or void set if it has no element. An empty set is generally
denoted by ¢. In roster form an empty set is denoted by { }. Some examples of empty set as
follows :

(1) LetA= {x|1<x<2 and x is a natural number).

Then A is an empty set because there is no natural number between 1 and 2.
(i) Let B = {x|x is an even prime number greater than 2}.

Then B is an empty set because 2 is the only even prime number.

(iii) Let C = the set of all odd natural numbers divisible by 2. We know that no odd natural
number is divisible by 2. So C is an empty set.

1.6 Finite and infinite sets :

A set which is empty or has finite number of elements is called finite otherwise, the set is
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called infinite.
We now consider the following examples :

(1) Let A be the set of days of the week. Then A is a finite set because it has seven distinct
members.

(i) Let B be the set of months of the year. Then B has twelve element and so it is a finite set.

(ii)) Let C be the set of solutions of the equation 2 _ 7y +12 = 0. We know that a quadratic
equation has exactly two solutions. So the set C is finite.

(iv) Let D be the set of points on a line. We know that the number of points on a line is infinite
and so D is an infinite set.

(v) Let E be the set of all odd prime numbers. There are infinitely many odd prime numbers,
viz3,5,7,11, ...... So the set E is an infinite set.

(vi) Let F be the set of all even prime numbers. There is only one even prime number and it is
2. So the set F is a finite set.

1.7 Singleton set : A set is said to be a singleton set if it contains only one element. For
example, {6} is a singleton set.

1.8 Equal sets :

Two sets A and B are said to be equal if every element of A is in B and if every element of
B is in A, that is they have exactly the same elements. Otherwise, the sets are said to be
unequal. If two sets A and B are equal, then symbolically we write A= B. Otherwise, we write
A#B.

Let us consider the following examples:

(i) LetA={l1,2,3,4} and B= {3, 1, 4, 2}. Then A = B because A and B have the same
elements.

(i) Let A be the set of even prime number and B be the set of solution of the equation
x-2=0.ThenA= {2} and B= {x |x -2 =0}
={x|x=2}
=1{2}
SoA=B
(i) Let X = {x | x is a letter in the word 'LOYAL'}
and Y = {x | x is a letter in the word 'ALLOY"}
Then X={L,0,Y,A)andY={L, 0, Y,A). So X=Y.
Example 1 : Which of the following are sets and which are not? Justify your answer.
(i) The collection of all boys in your class.
(i) The collection of difficult topics in mathematics.
(iii) The collection of all natural numbers less than 10.
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(iv) The collection of all days of a week beginning with the letter S.

Solution :

(i) The boys in my class are well-defined and so the given collection is a set.

(i)) It is not possible to define which topics in mathematics are difficult and which are easy.
So the given collection is not a set.

(i) The natural numbers less than 10 are exactly known and they are 1, 2, 3,4, 5,6, 7, 8, 9.
So the given collection is a set.

(iv) The days beginning with the letter S in a week are Sunday and Saturday and so the
given collection is a set.

Example 2 : Write the following sets in roster form.

(1) The set of all solutions of the equation x2 _55x4+6=0

(i) A= {x/xisa positive integer and x* <50}
(iii) The set of all letters in the word M ATHEMATICS'.

(iv) The set of all prime numbers less than or equal to 11.
(v) B={x|xisatwo digits natural number such that the sum of its digits is 7}

Solution : (i) Let X be the set of all solutions of the equation y2 _5y4+6=0.
Now,  x?-5x+6=0
=x’-3x-3x+6=0
=>x(x-3)-2(x-3)=0
= x-3)(x-2)=0
—x=3o0r2

L X ={2,3!

(i) Here, A= {x|x is a positive integer and x* < 50}
A=1{1,2,3,4,5,6,7}

(iii) Let Y be the set of letters in the word ' MATHEMATICS'.
~Y={MA,THENLC,S}

(iv) Let Z be the set of all prime numbers less than or equal to 11. The prime numbers less
than or equal to 11 are 2, 3,5, 7 and 11.

L 7=1{2,3,5,7,11}
(v) Here,
B = {x | x is a two digits natural number such that the sum of its digits is 7}



Sets
= {16, 25, 34,43,52,61,70}
Example 3 : Write the following sets in set-builder form.
(1) The set of all letters in the word ' MONDAY".
(i) The set of reciprocals of natural numbers.
(i) {2,4,8,16,32}

(vi) {0}

Solution : (i) Let A be the set of all letters in the word MONDAY". Then
A = {x|x is a letter in the word 'MONDAY"}

(i) Let B be the set of reciprocals of natural numbers. Then

1
B= {x|x=—,neN}
n

(i) LetC={2,4,8, 16, 32)
= {x|x=2”,neN andlSnSS}

. 1234
(IV) LetD = 2737475v""

Example 4 : Find all the elements of the following sets.
(1) {x|x1isapositive integer and divisor of 9}
(i) {x|xeN}and 1.2<x<8.5}



78 Sets and Linear Functions

(i) {x|x is an integer and x? <16}

n
i X|X=
(iv) { | n2+1} and 1<n<4,where neN}

(v) {x|x1is a month of a year having 28 or 29 days}

Solution : (i) Let A= {x|x is a positive integer and divisor of 9).
The positive divisors of 9 are 1, 3 and 9.
L A={1,3,9}

(i) LetB= {x|xeNand 1.2<x<8.5}.

The natural numbers which are greater than 1.2 and less than or equal to 8.5 are 2, 3, 4,
5, 6,7 and 8.
. B=1{2,3,4,5,6,7,8}

(i) Let C = {x |xis an integer and x* < 16).
If x>5,then 42 >25andso 2 > 16.
Again if x <-5, thenalso x* >25 andso x? 16,
And for all other integers 2 <16.

. C={0,£1,£2,+3,+4}

n
(iv) LetD={x|x=n2 and 1<n <4, where neN}

+1

=<x|x= ! 2 3 and 4
PP+1722+1°32+1 4% +1
12 3 4
=ix|x=—,—, —and—
2’5710 17

_Jj123 4
2°5°10°17

(v) Let E= {x|x is a month of a year having 28 or 29 days}
We know that only month having 28 or 29 days is February. So E = {February}.

Example 5 : Which of the following sets are empty sets?
(i) A= {x|x?>-3=0andx is rational}
(i) B= {x|4<x<5and xe N}

(iii) Set of all even prime numbers.
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(iv) C {y |y is a common point to any two different parallel lines}

Solution : (i) Here, A= {x|x*—3=0 andx is rational}
Now, x> -3=0=x>=3

:>x=i\/§

But we know that /3 is an irrational number.
L A=¢
(i) Here, B= {x|4<x<5 andxe N}

There is no natural number between 4 and 5 and so B is an empty set.

(iii) Let X = the set of all even prime numbers. We know that 2 is the only even prime
number and so X = {2}.

-. X is not an empty set.
(iv) Here, C = {y |y is a common point to any two different parallel lines}
There is no common point of two different parallel lines. So C is an empty set.

Example 6 : State which of the following sets are finite and which are infinite.
(i) A= {x|xeZandx*-9x+20=0}

(i) B={xeN|x>5}

(ii)) The set of days of a week.

(iv) The set of concentric circles in a plane.
Solution : (i) Here,

A= {x|xeZandx* -9x+20=0}
Now, x> —9x+20=0
= x> —5x—4x+20=0
=>x(x-5-4(x-5)=0
=x-5x-4)=0
=x=50r4
- A={5,4} and so A is a finite set.
(i) Here, B= {xeN|x>5}
There are infinitely many natural numbers greater than 5.
- B=1{6,7,8, ...} and it is an infinite set.

(iii) Let C be the set of days of a week. There are seven days in a week and so C has
seven elements.
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. C 1s a finite set.

(iv) Let D be the set of concentric circles in a plane. There are infinite number of circles
with same centre in a plane. So D is an infinite set.

Example 7 : Are the following pair of sets equal? Justify.
(i) A={2,5),B=(x]|xisasolutionof x> —7x+10=0}

@) A={1,2),B={x|xeNandx <3}
(i) A = {x|x is apositive multiple of 10}

B = {10, 15, 20, 25, 30, .....}
Solution : (i) Here, A=(2, 5}

and B = {x | x is a solution of x* —7x+10=0}
Now, x? -7x+10=0

= x> =2x-5x+10=0
=>x(x-2)-5(x-2)=0
=(x-2)(x-5)=0

=x=2o0r5
Here A = B.

(i) Here, A= {1, 2)and

B= {x|xeNand x<3}
= {12}

. A=B

(i) Here, A = {x|xis a positive multiple of 10}

= {10, 20, 30, 40, ....}

and B={10, 15, 20,25, 30, .....}
~A#B

Example 8 : Find the pair of equal sets from the following sets and give reasons.
A={0),B={x|x>15and x <5}
C={x[x-5=0}, D= {x|x*=25}

and E = {x | x is a positive integral root of x* —2x—15=0}
Solution : Here, A = (0}
B={x|x>15andx<5),C={x|x-5=0},E= {x|x* =25} and

E = {x | x is a positive integral root of x* —2x—15=0}
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There is no real number which is greater than 15 and less than 5.
.. B=¢

We have, x—5=0=x=5

- C={5}

Again, 2 —25— x=+5
D= {75, 5}

Also,  x? _2x-15=0

L.

= x> —5x+3x-15=0
=>x(x-5+3(x-5)=0
=(x-5)(x+3)=0
=x=5o0r-3

~ E={5)

Hence C =E

Exercise 1.1

Which of the following collections are sets? Justify your answer.
(1) The collection of good hockey players in India.

(i) The collection of all districts in Assam.

(iii) The collection of beautiful cities in the world.

(iv) The collection of all warm days in the year 2023.

(v) The collection of all rivers in India.

(vi) The collection of all natural numbers less than 100.

(vii) The collection of all questions in this chapter.

Write the following sets in roster form.

(1) The set of real roots of 2 _9—.

(i) The set of all letters of the word 'COLLEGE'.
(iii) The set of all sides of the triangle ABC.
(iv) The set of all prime numbers les than 8.

|
(v) A ={x]|xisan integer and —§<X <E}

(vi) B ={x|xis an odd natural number}

(vil) C ={x|x is a consonant in the English alphabet which precedes k)
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(vii) D= {x|xeNand x* <38}

. Write the following sets in set-builder form.

O {A,B,C,.....X, Y, Z}

(i) The set of natural numbers less than 12.
(iii) The set of all factors of 105 excluding 1.
(iv) {5,25,125,625}

v) {2,4,6,8, ...}

vi) {1,2,3,4,5,6}

(vi)) {1,3,5,7,9}

Find all the elements of the following sets:

(i) A= {x|xeZand x*<10}

1
o - = ,1<n<5
(i) B {x|x 1 n }

(i) C={x|xis a letter of the word 'MISSISIPPI'}
(iv) D= {x|xis an integral divisor of 18}

(v) E= {x|xisan integral solution of the equation 2x* —7x+3 =0}

. Which of the following sets are empty sets?

(1) The set of natural numbers less than 1.

(i) The set of positive odd integers less than 3.
(iii) The set of deserts in the Himalayan range.
(iv) The set of odd natural numbers divisible by 2.

(v) {x]xis anatural number, x <5 and x > 8}.

(vi) {x|x*—-2=0 andx is rational}.

(vii) The set of even natural numbers divisible by 5.

State whether the following sets are null set or singleton set.
(i) A= {x|xeRand x#x}

(i) The set of all prime numbers divisible by 2.
@ii)) {x|x is a month in the yer 2009 having 29 days}.

(iv) {x|x is a positive root of the equation x> —49 =0} .
State which of the following sets are finite or infinite.
(i {x|xeNand (x-1)(x-2)=0}
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(i1)
(iii)
(iv)
)
(vi)
(vii)
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{x|]xeNand 2x-1=0}

The set of all odd natural numbers.

The set of districts in Assam.

The set of real numbers between 0 and 10.
The set of lines which are parallel to x-axis.
The set of numbers which are multiple of 5.

(viii) {x|xeNand x <200}

8. Which of the following sets are equal?
A= {x|xeN,x<3},B={1,2},C={3,1)
D= {x|xeN,x is odd and x <5} and
E={1,2,1,1}

9. Which of the following sets are equal?

)
(i1)

A = {x | x is a letter of the word 'FOLLOW'}
B = {x | x is a letter of the word '"WOLF'}
A={1,2,3}

B= {x|xeR|x*-2x+2=0}

1.9 Subset and superset :

Let A and B be any two sets. If each element of A is also an element of B, then A is called
asubset of B and B is called a superset of A. In symbol, we write A € B and B © A respectively.
If every element of A is also an element of B, but there is at least one element in B, which is not
an element of A, then the set A is called a proper subset of B and we write A — B. We consider
the following example.

@

(i)
(iii)
(iv)

™)

Note :

Let X = the set of all students in your school.

Y = the set of all students in your class.
We note that every element of Y is also an element of X and so Y = X.
We know that every natural number is an integer and so N < Z.
The set Q of rational numbers is a subset of the set R of real numbers, and we write
QcR.
LetA={1,2},B={1,4,8)and C= {1, 2,4, 6, 8}.
ThenAc=C,Bc=C, but AcB.
Let A =the setofall letters in English alphabet.

B = the set of vowels in English alphabet.

Then B A.

(a) If two sets A and B are equal, then every element of A is in B and every element of B is
alsoin A. So A < B and B A. Conversely if every element of A is in B and every element
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of B is in A, then the two sets A and B are equal. Thus Ac Band BC A < A= B, where
"< "is a symbol for two way implications, and is usually read as "if and only if" (briefly
written as "iff").

(b) From the definition it is clear that A = C. Since the empty set ¢ has no element,we agree to
say that ¢ is a subset of every set.

(c) For anon empty set A, there exist at least two subsets ¢ and A of A. These two subsets of
A are called improper subsets.

1.10 Subsets of the set of real numbers:

We consider the set R of real numbers. We have,
N = the set of natural numbers

Z = the set of integers
={0,£1,£2,+3,....}

Q = the set of rational numbers
a
= {x|x=;, a,beZandbiO}

Let T be the set of all irrational numbers. Then T = {x|x <R and x ¢ O}. Some of the

members of T are /2 ,\/E ,\/E etc. Some of the relations among these subsets are as follows :
NcZ, ZcQ,QcR, TcR,Ng T
- NcZcQcR
1.11 Power set :

The collection of all subsets of a set A is called the power set of A and it is denoted by
P(A). We consider the following examples.

(1) LetA={l,2}. Then P(A)=1{¢,{1}, {2}, {1,2}}
(i) LetA={a,b,c}. Then
P (A) ={g, {a}, {b}, {c}, {a, b}, {b, ¢}, {a, c}, {a, b, c}}

1.12 Universal set :

In any discussion in set theory, there always happens to be a set that contains all sets under
consideration i.e. it is a super set of each of the given sets. Such a set is called the universal set
and it is denoted by U. Thus, a set that contains all sets in a given particular context is called the
universal set.

1.13 Operations on set :

(a) Union of sets : The union of two sets A and B, denoted by A B (read as 'A union
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(b)

(c)

(d)
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B"), is the set of all elements which belong to either A or B (or both). In symbol,

AUB= {x|xeAorxeB}

Intersection of sets: The intersection of two sets A and B, denoted by A B (read
as 'A intersection B'), is the set of all elements which belong to both A and B. in
symbol,

ANB= {x|xeAandx e B}

Difference of sets: The difference of two sets A and B, denoted by A —B (read as 'A
minus B'), is the set of all those elements of A which are not elements of B. In symbol,
A—-B={x|xeAand xeB}

Complement of a set : The complement of a set A, denoted by A 'or A', is the set of
all those elements in the universal set which are not elements of the set A. In symbol

Acor A'={x|xeUand xg A}

1.13 Venn diagram :

A venn diagram is a representation of sets by means of diagrams. Venn diagrams are
named after British mathematician John-Venn (1834-1883). In general, the universal set is
represented by the interior of a rectangle and its subsets are represented by circles drawn
within the rectangle. Venn diagrams of some set operations are as follows :

g il

U A B |U
AcB AUB
A B U A B |U
ANB A-B
JLJ;ML @HD
THE; U A B U
A'or A' B-A
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Example 9 :

1 IfA={2,4,6,8)and B={6,8,10, 12}, find AUB

@) IfA={a ¢ i o, u} and B = {q, i, u), show that AUB=A

(i) Let A= {x|x is a natural number and |< x <6} and B = {x | x is a natural number and
6<x<10} find AUB

(iv) IfA={x|x=2n+1,neN}and B= {x|x=2n,ne N}, then find AUB.

Solution: (i) Here, A= {2,4,6, 8}
and B =6, 8, 10,12}

. AUB=1{2,4,6,8,10,12}
(i) Here, A=1{a, e, i, 0, u) and B = {a, i, u}
. AUB={aeio, u}

=A
(i) Here, A= {x | x is a natural number and 1< x <6}
={2,3,4,5,6}
and B = {x|x is a natural number and 6 <x <10}
=1{7,8,9}

~ AUB=1{2,3,4,5,6,7,8,9}
(iv) Here, A={x|x=2n+1,ne N}

=1{3,5,7,9, ...}
and B= {x|x=2n,neN}
={2,4,6,8, ...}

~ AUB=1{2,3,4,5,6,....}
Example 10 :
1 IfA={1,2,3,4,5}andB=1{1,3,9,12},find ANB
(i) IfA={1,2,3,4,5,6,7,8,9,10} and B=(2, 3,5, 7}, then show that A(\B=B
(i) LetA= {x|x=2n,neZ)and B={x|x=3n,neZ), find A(B.
Solution : (i) Here, A= {1,2,3,4,5} and

B={1,3,9,12}
~ ANB={1,3}

(i) Here, A={1,2,3,4,5,6,7,8,9,10}
and B=1{2,3,57}
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~ ANB={2,3,5,7}=B
(i) Here, A= {x|x=2n,neZ}
={0,£2,£4,%6,....}
and B={x|x=3n,neZ}
={0,£3,£6,£9,£12, ...}
. ANB={0,+6,£12,...}
(iv) Here, A={x|xeZ}
={1,2,3,4,5, ...}
and B={x|x=2n,neN}

~ ANB={2,4,6,38,...} =B.
Example 11 :

(i) LetA=1{1,2,3,4,5,6} andB=1{2,4,6,8). FindA—Band B—A

@) fX={a b cdiandY={f b, d g}, find X-—Yand Y - X.

@) IfU={1,2,3,4,5,6,7,8,9},A={2,4,6,8} and B= {2, 3,5, 7), find A’and B'.
v) IfU={a, b, c, d e f g h},A={a, ¢ ¢ g}, find A°.

Solution : (i) Here, A={1,2,3,4,5,6} and
B=1{2,4,6,8}
s A—-B={1,3,5} and
B-A= {8}
(i) Here, X={a,b,c,d}and
Y={f,b,d, g}
~ X=Y={ag cland Y-X={f g}
(i) Here, U={1,2,3,4,5,6,7,8,9}
A=1{2,4,6,8}
and B=1{2,3,5,7}
s A'={1,3,5,7,9}
and B'={1,4,6,8,9}
(iv) Here, U=1{a, b, ¢, d, e f, g h} and

A={a c e g}
Ac= {bx d’f; h}
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Example 12: Let U= {1,2,3,4,5,6},A={1,2,3} and B={3,4,5}. Find AUB,ANB,

A—-B,B—Aand A
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Solution : Here U= {1, 2,3,4,5,6},A={1,2,3} and B= {3, 4, 5}.
. AUB={1,2,3,4,5}

ANB={3}
A-B={1,2}
B-A={4,5)

and A°={4,5,6}
1.14 Disjoint sets :
Two sets A and B are said to be disjoint if A[(1B = ¢. For example, let A= {2,4,6, 8} and
B={1,3,5,7}. Then ANB=¢ and so A and B are disjoint.
Example 13 : Whic of the following pairs of sets are disjoint?
1 {1,2,3,4} and {x|x is a natural number and 4 < x <6}
(1) {a e i, o, u} and {c, d, ¢, f}
(ii)) {x |x is an even positive integer} and {x | x is an odd positive integer}
Solution : (i) Let A= {1, 2, 3,4} and
B = {x | x is a natural number and 4<x<6}= {4, 5, 6}
. ANB={4}= ¢ and so A and B are two non disjoint sets.
(i) LetA=1{a e i o, u}
and B= {c, d, ¢, f}
. AN B={e}# ¢ and so A and B are not disjoint.

(ii)) Let A= {x|x is an even positive integer}

=1{2,4,6,8, ...}
and B= {x]|xisan odd positive integer}
={1,3,5,7,...}

. ANB=¢ and so A and B are two disjoint sets.

Some properties of union:
Theorem 1 : For any three sets A, B and C, prove the following laws:

(1) Commutativelaw: AUB=BUA

(i) Associativelaw: AUBUC)=(AUB)UC
(@ii)) Laws of J and ¢ : AUg=A, UUA=U
(iv) Idempotentlaw: AUA = A

Proof : (i) Let xe AUB

< xeAor xeB



Sets
Sxe Bor xeA
< xeBUA
~ AUBcBUA and BUAcCAUB
Hence, AUB=BUA
(i) Let xeAUMBUC)
< xeAor xeBUC
< xeA or (xeBorxe(C)
& (xeAorxeB)or xeC
< xeAUBorxeC
s xe(AUB)UC
~ AUBUC)c(AUB)UC and (AUB)UCc AUBUC)
Hence, AUBUC)=(AUB)UC
(ii)) Let xeAU¢
S xeA or &xeg
SxeA [~ x¢d]
o AUgcAand AcAUg
Hence, AUg=A
Next, let xeUUJ A
oxelor xeA
< xel
S~ UUAcU and UcUUA
Hence, UUA=U
(iv) Let xeAUA

S xeAOor xeA

S xeA
~ AUAcAand AcAUA
Hence, AUA=A
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Some properties of intersection:
Theorem 2 : For any three sets, A, B and C, prove the following laws :

(1) Commutativelaw: ANB=BNA

(i) Associativelaw: A(BNC)=(ANB)NC

(i) Laws of ¢ and J: gNA=¢, UNA=A

(iv) Indempotentlaw: ANA=A

(v) Distributivelaws: ANBUC)=(ANB)UANC)
AUBNC)=(AUB)NAUC)

Proof: (i) Let xe A(NB

o xeAand < xeB
< yxeBand < xe A

< xeBNA
~ AIBcBNAand BNACANB
Hence, ANB=BNA
(i) Let xeANMBNC)
< xeAand xeBNC
< xeAand (xeBandxe ()
& (xeAandxeB)and xeC
< xeANBand xeC
< xe(ANB)NC
~ ANBNC)c(ANB)NCand (ANB)NCc ANBNC)
Hence, AN(BNC)=(ANB)NC
(iii) There is no element in ¢ and so there is no element common to both A and ¢.
Hence gNA=¢
Again all the elements of A are in | J. So the elements of A are common to both A and J.
Hence UNA=A
(iv) Let xeANA

o xeAand xe A

S xeA
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~ ANAcAand Ac ANA
Hence, ANA=A
(v) Let xeANBNCO)
s xeA and < xeBUC
< xeAand (xeBor xe(C)
< (xeAandxeB)or (xe Aandx e C)
[- 'and'is distributive over 'or']
S xeANBor xeANC
< xe(ANB)UMANC)
= ANBUC c(ANBYUANC) and (ANB)UANC)cANBUC)

Hence, ANBUC)=(ANB)UANC)
Similarly, we can prove that

AUBNC)=AUB)NMAUC)
Some properties of complement:
Theorem 3: For any two sets A and B, prove the following laws:

(i) Complementlaws: AUA'=U, ANA'=¢
(i) De Morgan's laws : (AUB)' =A'NB', (ANB)' =A'UB’
(iil) Law of double complementation: (A")' = A
(iv) Lawsof ¢ and J: ¢'=U, U =¢
Proof : (i) We have
AUA'={xeU|xeAlU{xelU|xeA"}
={xeU|xeAlU{xeU|xg A}
U
and ANA'={xeU|xeA}N{xelU|xg A"}
={xeU|xeA}N{xeU|xg A}
=¢
(i) Let xe(AUB)
<xe¢AUB

o yxgAand & x¢ B
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< xeA’ and xeB'
= xeA'NB
~ (AUB)cA'NB and A'NB' & (AUB)Y
Hence, (AUB)' =A'NB’
Next,let xe(ANB)
=x¢ANB
=>x¢A Or x¢B
—>xeA' or xeB
=xeA'UB’
S~ (ANB)YcA'UB'and A'UB'c(ANB)
Hence, (ANB)' =A'UB’
(1) Let xe (A"
SxeA
S xeA
(A <A and AcC (A
Hence, (A=A
(iv) We have
¢'={xellxegg;=U
and U ={xeU|xeU}l=¢
Example 14 : If U=1{1,2,3,4,5,6,7,8,9}, A= {2,4, 6,8} and B = {2, 3, 5, 7}, verity that
(AUB)Y =A'NB and (ANB) =A'UB’
Solution: Here, U=1{1,2,3,4,5,6,7,8,9},

A=1{2,4,6,8}
and B=1{2,3,57}

A'=1{1,3,5,7,9)
B'={1,4,6,8,9}
A'NB'={1,9)
A'UB'=1{1,3,4,5,6,7,8,9}
Again, ANB={2}
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AUB=1{2,3,4,5,6,7,8}
(ANB) ={1,3,4,5,6,7,8,9)
(AUB)' ={1,9)

Here (AUB) =A’NB’ and (ANB) =A'UB’
Example 15 : For any three sets A, B, and C, prove that
() A-B=ANB°
(i) (A-B)NB=AUB
() A-BUC)=(A-B)N(A-0)

ivi A-BNC)=(A-B)U(A-0)
Solution: (i) Let xe A -B
< xeAand x¢B

< xeAand x e B¢
< xeANB°
A-BcANB®and ANB°cA-B
Hence, A—B=ANB*
(i) Let xe(A-B)UB

< xecA-Bor xeB

<(xeAand x¢B) or xeB
< (xeAand xeB)or xeB
< (xeAorxeB) and (xeB°or e B)

< xeAUB and xeB°UB
< xeAUB and xelU
< xe(AUB)NU
< xeAUB
(A-B)UBcAUB and AUBc(A-B)UB
Hence, (A-B)UB=AUB
(i) Let xe A—(BUC)
o xeA and xgBUC
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< xeA and (x¢Band x¢C)
< (xeA and x¢B) and (xe Aand x¢C)
o xeA-Band xeA-C
S xe(A-B)NA-0)
. A-BUC) c(A-B)N(A-C)and
(A-B)N(A-C)cA-(BUC)
Hence, A—-(BUC)=(A-B)N(A-C)
(iv) Let xe A-(BNC)
< xeAand xeBNC
< xeAand (xeBor xgC
< (xeAand x¢B) or (xe Aand x¢C)
SxeA-BorxeA-C
< xe(A-B)UA-0)
. A-BNCO)c(A-B)UA-0)
and (A-B)UA-C)cA-(BNC)
Here, A—(BNC)=(A-B)U(A-C)

Example16: Let |J={1,2,3,4,5,6},A={1,2,3},B={2,3,4} and C= {3, 4, 5}. Verify the
following identities:

@ AUBNC)=AUBNAUC)
@ ANBUC)=(ANB)NANC)
Solution: Here, = {1,2,3,4,5,6},A={1,2,3},B=1{2,3,4} and C= {3,4, 5}
(i) We have

BNC={3,4}

AUBNC)={1,2,3,4}

Again, AUB=1{1,2,3,4}

AUC={1,2,3,4,5}

(AUB)N(AUC) ={1,2,3,4}

AUBNC)=(AUB)NAUC)
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(i) We have
BUC=1{2,3,4,5}
ANBUC)=1{2,3}
Again A(NB={2,3}
ANC={3}
(ANBYUANC)=1{2,3}
ANBUCO) =(ANB)UMANC)
Example 17: If U= {x|xis a natural number <6},
A = {x | x is a prime number <6} and
B = {x | x is an even natural number <5}, find B’ — A’
(i) IfA= {x|x=2n,neN,n<6},find A|UNand A —N.
Solution: (i) Here,
U= {x| x is a natural number <6}
={1,2,3,4,5}
A = {x|x is a prime number <6}
={2,3,4}
and B = {x | x is an even natural number <5}
={2,4}
A'={1,4)
B'={1,3,5}
B'-A'={3,5}
(i) Here,A= {x|x=2n,neN, n<6}
=1{2,4,6,8,10}
AUN={1,2,3,4,5,....} =N
and A-N=¢
1.15 Symmetric difference of two sets :
The symmetric difference of any two sets A and B, denoted by AAB is defined as
AAB=(A-B)U(B-A)
Example 18 : Let A= {a, b, ¢, d, e}, B={a, ¢, ¢, g} and C = {b, ¢, f, g}. Verify that
i AUBNC=ANCUBNC)
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(i) A-BUC)=(A-B)N(A-C)
@) ANBAC)=(ANB)AANC)

Solution : Here, A= {a, b, ¢, d, ¢}, B=1{a, ¢, e, g} and C= {b, ¢, f, g}
(i) We have,

AUB={a b ¢ d e g}
(AUB)NC= {b, e g}
Again ANC={b, e}
BNC={e g}
ANOUBNC)=1{b, ¢, g}

(AUB)NC=(ANC)UBNCOC)
(i) We have,
BUC:{a’ b: &) e}ﬁg}
A~ (BUC)={d}
Again A-B={b d}
A-C={a ¢ d}
(A-B) N(A-C)={d}
~ A-BUO=A-B)NA-0)
(i) We have,
BAC=(B-C) U(C-B)
={a, ¢} U{b f;
={a, b, ¢, f}
ANBAC)= {a, b, ¢}
Agin ANB={a, ¢, ¢}

ANC=1{b, e}
(ANB)AANC)=((ANB)-(ANC)U))U((ANC)-(ANB))
= {a, c}U{b}
={a, b, c}

. AN(BAC)=(ANB)A(ANC)

Example 19 : For any two sets A and B, prove that AUB=A(N1B< A=B
Proof : First suppose that A= B.
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AUB=AUA=A
and ANB=ANA=A
AUB=ANB
Conversely, suppose that A JB=ANB
Let, xeA
=xeAUB
=xeANB
=xeAand xeB
=>xeB
- AcB
Next,let xeB=xeAUB
=xeAB
=xeA and xeB
=>xeA
.. BC A
Hence A = B.
Example 20 : Distinguish between {0}, ¢ and {¢}
Solution : {0} is a singleton set containing the single element 0. ¢ is the null set containing no

element. And {¢} is a set of set whose only element is the null set ¢ .
Example 21 : Find the symmetric difference of A= {1, 2, 3} and B = {3, 4, 5}.
Solution : Here, A= {1, 2, 3}
and B={3,4,5}

A-B={1,2}

B-A={4,5}

AAB=(A-B) U (B-A)

={1,2,4,5}
Example 22 : Let A = {x | x is an integer and 1< x <9}
B = {x | x is a prime number and 1< x <12}

and C= {x|xis an odd integer and 4 < x <12}

Find (i) ANBNC) (i) BAC (iii) A—(BUC)
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(iv) (A-B)U(A-C) (v) (ANB)UC
Solution : Here,
A ={x|xis an integer and 1<x <9}
=1{1,2,3,4,5,6,7,8,9}
B = {x | x is a prime number and 1< x <12}
={2,3,5,7,11}
and C = {x|x is an odd integer and 4 < x <12}
={5,7,9,11}
(i) We have
BNC={5711}
LANBNC) =457}
(i) We have,
B-C={2,3}
C-B=1{9}
. BAC=B-C)U(C-B)
=1{2,3;U {9}
=1{2,3,9}
(i) We have,
BUC=1{2,3,5,7,9,11}
S A-(BUC)=1{1,4,6,8}
(iv) We have,
A-B={1,4,6,8,9}
A-C={1,2,3,4,6,8}
S (A-B)U(A-0C)={1,2,3,4,6,8,9}
(v) We have,
ANB=1{2,3,57}
L (ANBUC={2,3,5,7,9, 11}

Sets and Linear Functions

Example 23 : Let A= {a, b, {c, d}, e}. State whether the following statements are true or

false. Give reasons.

® {c dicA @ {c dieA
(iv) aeA (V) acA
(vii) {a,b,e} € A (viil) {a,b,c} c A

(i) {{c.d}jc A
i) {a,b,e}c A
(ix) geA
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(x) {gicA

Solution : Here A = {a, b, {c, d}, e}

(1) {c, d} < Ais false because {c, d} is an element of A.
(i) {c, d} e A is true because {c, d} is an element of A.
(i) {{c,d}}< A is true because {c, d} is an element of A and so {{c,d}} is a subset of A.
(iv) @ e A is true because a is an element of A.

(v) ac Ais false because a is not a set.

(vi) {a,b,e} < Aistrue.

(vil) {a,b,e} € A is false because {a, b, ¢) is a set.

(viii) {a,b,c} < A s false because c is not an element of A.

(ix) ¢ < Ais false because ¢ is always a subset of any set.

(x) {¢} < Ais false because {¢} is a set of a set and it cannot be a subset of A.

Exercise 1.2

1. State whether A =B or A B in each of the following examples.
() A=¢,B={1,2}
i) A={a b c},B={a b d e}
(i) A =the set of all squares in a plane.
B = the set of all rectangles in the plane.
(iv) A =the set of all equilateral triangles in a plane.
B = the set of all triangles in the plane.
(v) A={2,3,4},B=1{3,4,5,6}
(vi) A =the set of all integers.
B = the set of all even integers.
(vil) A = {x|xis acircle in a plane with radius 1 unit}
B = {x | x is a circle in the same plane}
2. IfA={1,2,3,4}, findp(A)
Write all the subsets of the set {a}.
4. Decide, among the following sets, which sets are subsets of one and another.

W

A={x|x eRand x> -8x+12=0}
B={2,4,6},C=1{2,4,6,8, ...}

and D = {6}.

5. (i) Find AUB ifA={1,2,3}and B={2,3,5,6}.
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10.

11.

12.

(i) Find A UB if A= {x|x is a natural number and multiple of 3} and

B = {x | x is a natural number less than 6}.
IfA=1{1,2,3,4,5},B=1{4,5,6,7,8},C=1{7,8,9,10, 11} and
D={10,11,12, 13, 14}, find

i AUB i) AUC (i) BUC (ivy BUD
v) AU BUC) (i) AUBUD  (vi) BUCUD (viii) A (BC)

(ix) (ANB) N(BNC) x AUD) NBUC)
IfA={3,5,7,9,11},B={7,9, 11, 13},C= {11, 13, 15} and D = {15, 17}, find

(i) ANB (i) BNC (iii)) ANCND (iv) ANC (v) BOD (vi) ANBUC) (vi))AND

(viii) AN (BUD) (ix) (ANB) N(BUC) (x) (AUD) N(BUC)
IfA=1{3,6,9,12,15,18,21},B={4,8,12,16,20},C={2,4,6, 8,10, 12, 14, 16} and
D= {5,10, 15,20}, find () A—B (i) A—C (iii)) A—-D (iv) B-A(v)C-A

(vi) D—A (vii) B—C (viii) B-D (ix)C—B (x) D—-B (xi) C-D (xii) D-C
LetA={1,2,4,5},B=1{2,3,5,6} and C= {4, 5, 6, 7} verify the following identities:

@ AUBNC) =(AUB) N(AUO)

@) ANMBUC) =ANBUMKNC

@) ANB-C)=(ANB)-(ANC)

vy A-BUCO=(A-B)NA-C)

v A-BNO=A-BUA-C)

Vi) AN(BAC)=(ANB)AANC)

LetU=1{2,3,5,7,11,13},A={5,7,13} and B= {3, 7, 11, 13}

(i) Find (A-B)

(i) Prove that (AUB)' =A'NB’

LetU={1,2,3,4,5,6,7,8,9},A={1,4,7,8} and B= {4,6,8,9} and C= {3, 4, 5, 7} find
@H ANB-0)

(i) A'NB-C)

(i) AAC

iv) AUBNC)

(v)  AN(BAC)

If U=12,3,5,7,9},A={3,7} and B= {2, 5, 7, 9}, then prove that (i) (AUB)' =A'NB’
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and (ii)) (ANB)'=A'UB’
13.3 IfA={x|xeRand 3<x<8}and
B= {x|xeRand 5<x<9}, find ANB.
(i) IfA= {x|x*-4=0}and B= {x|x*+4x—12=0},find ANB.
(i) IfA= {x|xeRand 1<x<7} and B= {x|xeRand 3<x<10}, find AB and
ANB.
(iv) IfA={x|xeNand x* +4x-12=0'and B= {x|xeNand x*> —6x+8=0}, find
ANB.
14. Let A= {a, b} and B= {q, b, ¢}. IsA = B? What is A|JB?
15. State whether each of the following statements is true or false. Justify your answer.
(1) {2,3,4} and {3, 4, 5} are disjoint sets.

(i) {2,6,10} and (3,7, 11) are disjoint sets.
(@iii) The set of all triangles and the set of all equilateral triangles are disjoint.

16. 1) IfA=1{2,3,4,5},B={3,6,9} andC={5,6,7, 8}, find ANBUC)
i) IfX={a b c d},Y={c detandZ=1{c e f, g}
prove that XU(YNZ)=XUY)N(XUZ)
@) IfA=1{2,3,4,5},B=1{3,5,6,9} and C= {2, 4, 6},
prove that ANBUC)=(ANBYUANC)
1.16 Application of set theory:

By number of elements of a set A, we mean the number of distinct elements of the set and
we denote it by n(A). If n(A) is a natural number, then A is a non-empty finite set. For example,
ifA={1,2,7,9, 10}, then n(A) =5.

Theorem 4 : If A and B are any two finite sets, then prove that

n(AB) =n(A) + n(B) —n (AN B).

Proof : Case I : Suppose that A and B are disjoint.

Then ANB=¢ andson (AB)=0 QO
A B

Let n(A)=m, and n(B)=m,

. n(AB)=m, +m,
=m +m, -0

=n(A) +n(B) - n(ANB)
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Case II : Suppose that A and B are not disjoint. Then A B # ¢
We have,

A =(A-B)U(ANB) where

A —B and A B are disjoint. q@
- n(A)=n(A-B)+n(AB) U

= n(A-B)=n(A)-n(ANB) A B

Again we have,

B=(B-A)U(ANB), where B— A and A B are disjoint.

- n(B)=n(B-A)+n(ANB)

=n(B-A)=n(B)-n(ANB)
Also, we have
AUB=A-B)UANBU(B-A), where
A—B, A B and B — A are pairwise disjoint.

S n(AUB)=n(A-B)+n(ANB)+n(B-A)
=n(A)-n(ANB)+n(ANB)+n(B)—n(ANB)
=n(A)+n(B)-n(ANB)

Theorem 5 : For any three finite sets A, B and C, prove that

n(AUBUC) = n(A) + n(B) + n(C) — n(ANB) —n(BNC) —n(CNA)+n(ANBNC)

Proof : We have,

n(AUBUC) =n[AU (BUO)]
=n(A) + n(BUC) —n[ANBUC)]
=n(A) + n(B) + n(C) —n(BNC) - n[(ANB)UANCO)]
=n(A) + n(B) + n(C) - n(BN C)
—[n(ANB) + n(ANC) —n{(ANB)N(ANC)}]
=n(A) + n(B) + n(C) —n(BNC) —n(ANB) —n(ANC) + n(ANBNOC)
=n(A) + n(B) + n(C) - n(ANB) - n(BNC) —n(CNA)+rn(ANBNC)

Example 24 : If X and Y are two sets such that n(X) =17, n(Y) =23 and n(XJ Y) = 38, find

n(XNY).

Solution : Given that n(X) =17, n(Y) =23 and n(X|J Y) = 38
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We have, n(XUY)=nX)~+nY)-nXNY)
=38=17+23-n(XNY)
=38=40-n(XNY)
= (XNY)=40-38

=2
Example 25 : If A and B are two sets such that n(A | B) = 50, n(A) =28 and n(B) = 32, find
n(ANB).
Solution : Given that n(A|J B) = 50, n(A) = 28 and n(B) = 32.
We have,

n(AB) = n(A) + n(B) — n(ANB)
=50=28+32-n(AB)
= 50=60-n(AB)
= n(ANB)=60-50
=10
Example 26 : If P and Q are two sets such that P has 40 elements, P|J Q has 60 elements and
PN Q has 10 elements, how many elements does Q have?
Solution : Given that n(P) =40, n(P|J Q) = 60 and n(PN Q) = 10.
We have, n(PU Q) = n(P) + n(Q) - n(PNQ)
=60=40+n(Q)-10
=60=30+n(Q)=n(Q)=60-30=30
Example 27 : Let A and B be two sets such that n(A) = 20, n(A| B) =42 and n(A( B) = 4.
Find (i) n(B) (ii) n(A—B) and n(B — A).
Solution : Given that n(A) =20, n(A|JB) =42 and n(ANB) =4
(i) We have,
n(AUB) = n(A) + n(B) — n(ANB)
=42=20+n(B)-4
= 42=16+n(B)
=n(B)=42-16
=26
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(i) We have,
n(A-B) = n(A) — n(ANB)
=20-4
=16
(i) We have,
n(B-A) = n(B) — n(ANB)
=26—-4
=22
Example 28 : In a group of 400 people, 250 can speak Hindi and 200 can speak English. If
each people can speak at least one of the languages, how many people can speak both Hindi
and English?
Solution : Let A and B be the sets of people who can speak Hindi andn English respectively.
. n(A) =250, n(B) =200
Since each people can speak at least one of the languages, therefore n(AB) =400
We have n(A|JB) = n(A) + n(B) — n(ANB)
= 400=250+200=n(AB)
= n(ANB)=450-400
=50
. 50 people can speak both Hindi and English.

Example 29: In a group of 70 people, 37 like coffee, 52 like tea and each person likes at least
one of the two drinks. How many people like both coffee and tea?

Solution : Let A and B be the sets of people who like tea and coffee respectively.
.. n(A)=52,n(B) =37
Since each person likes at least one of the two drinks, therefore n(A|J B) = 70
We have,
n(AUB) = n(A) + n(B) — n(ANB)
= 70=52+37-n(ANB)
=70=89-n(AB)
=n(ANB)=89-70
=19
.. 19 people like both tea and coffee.
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Example 30: Every resident in Guwahati can speak at least one of the languages Assamese
and English. If 70% can speak Assamese and 55% can speak English, what percent can speak
both?

Solution : Let the total number of people living in Guwahati be 100. Also, let A and B be the
sets of people who can speak Assamese and English respectively.

.. n(A)=70, n(B) =55
Since every Guwahatian can speak at least one of the languages, therefore
n(AJB) =100
We have n(AlUB) =n(A) + n(B) — n(ANB)
=100=70+55-n(ANB)
=n(ANB)=125-100
=25
.. 25% can speak both the languages.

Example 31: Out of 50 students, 35 drink tea and 40 drink coffee. What can be said about the
number of students who drink both?

Solution : Let A and B be the sets of students who drink tea and coffee respectively
.. n(A) =35, n(B)=40
We have

n(AUB) <50 [-- There may be some students who drink neither tea nor coffee]
= n(A)+n(B)-n(ANB)<50
=35+40-n(ANB)<50
= 75-n(ANB)<50
= 75-50<n(ANB)
=25<n(ANB) —(1)

Again, ABCc A, ABcB
= n(ANB)<n(A), n(ANB) < n(B)
= n(ANB)<35, n(A), n(ANB)<40
=n(ANB)<35 —(2)

- ()and (2) = 25<n(ANB)<35

Hence, the maximum and minimum number of students who drink both tea and coffee are
35 and 25 respectively.
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Example 32: Out of 500 car owners investigated, 400 owned car A and 200 owned car B, 50
owned both A and B. Is this data correct?

Solution : Let X and Y be the sets of car owners who owned car A and car B respectively.
.. n(X) =400, n(Y) =200

and (XN Y) =50

We have,
n(XUY)=nX)+n(Y)-n(XNY)
=400+ 200 -50
=600 - 50
=550

But 2(XUY)<500
Hence, the given data is incorrect.

Example 33: In a group of 50 people, 35 speak Hindi, 25 speak both English and Hindi and all
the people speak at least one of the two languages. How many people speak only English and
not Hindi? How many people speak English?

Solution : Let A and B be the sets of people who can speak Hindi and English respectively.
. n(A)=35, n(ANB)=25
Since all the people speak at least one of the languages, therefore n(A|J B) = 50
We have,
n(B —-A)=n(AUB) — n(A)

=50-35 @
=15 U

.. 15 people can speak only English and not Hindi. A B
Again, we have

n(AUB) = n(A) + n(B) — n(ANB)
=50=35+n(B)-25
= 50=10+n(B)
= n(B)=40
.. The number of people who can speak English is 40.

Example 34: In a survey of 400 students in a school, 100 were listed as taking apple juice, 150
as taking orange juice and 75 were listed as taking both apple as well as orange juice. Find how
many students were taking neither apple nor orange juice.

Solution : Let A and B be the sets of students who were listed as taking apple juice and orange
juice respectively.
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-, n(A) =100, n(B)=150 and n(AB) =75

We have,
n(AUB) =n(A) + n(B) — n(ANB)
=100+ 150-75
=250-75
=175

.. The number of students who were listed as taking at least one of apple juice and orange
juiceis 175.

Hence, the number of students who were listed as taking neither apple juice nor orange juice
is 400 — 175 =225.

Example 35: In a survey of 60 people, it was found that 25 people read newspaper H, 26 read
newspaper T, 26 read newspaper I, 9 read both H and I, 11 read both H and T, 8 read both T
and [, 3 read all three newspapers. Find

(1) The number of people who read at least one of the newspapers.
(i) The number of people who read none of the newspapers.
Solution : Let A, B and C be the sets of people who read the newspapers H, T and I respectively.

. n(A)=25,nB)=26,n(C)=26,n(ANC)=9,n(ANB)=11,n(BNC)=8 and
n(ANBNC)=3
(i) We have,
n(AUBUC =n(A) +nB) + n(C) —n(ANB) —n(BNC) - (CNA)+nrnANBNC)
=25+26+26—-11-8-9+3

=77+3-28
=80-28
=52

-, The number of people who read at least one of the newspapers is 52.
(i) Again, the number of people who read none of the newspapers is 60 — 52 = 8.

Example 36: In a group of 65 people, 40 like cricket, 10 like both cricket and tennis and each
people likes at least one of the games. How many likes tennis only and not cricket? How many
like tennis?

Solution : Let A and B be the sets of people who like cricket and tennis respectively.
. n(A) =40, n(ANB)=10
Since each people likes at least one of the games, therefore n(A | B) = 65.
We have,
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n(B — A) = n(AB) — n(A)

=65-40
=25
. 25 people like tennis only and not cricket. 4
Again, we have A B J
n(AUB) = n(A) + n(B) — n(ANB)

=65=40+n(B)-10
= 65=30+n(B)
=n(B)=65-30

=35
.. 35 people like tennis.

Example 37: A market research group conducted a survey of 2000 consumers and reported
that 1720 consumers liked product P, and 1450 consumers liked product P,. What is the least
number that must have liked both the products?

Solution : Let A and B be the sets of consumers who liked products P, and P, respectively.
.. n(A)=1720, n(B) = 1450
We have, n(AUB)<2000
= n(A)+n(B)—n(ANB) <2000
= 1720 +1450 — n(A N B) <2000
= 3170 - n(ANB) <2000
= n(ANB)>3170-2000
=n(ANB)>1170

Thus, the least value of n(A N B) is 1170.

Hence, the least number of consumers who liked both the products is 1170.
Example 38: In a survey of 700 students in a college, 180 were listed as drinking Limca, 275
as drinking Miranda and 95 were listed as both drinking Limca as well as Miranda. Find how
many students were drinking neither Limca nor Miranda.
Solution : Let A and B be the sets of students who were listed as drinking Limca and Miranda
respectively.

- n(A)=180, n(B) =275 and n(ANB) =95
We have,
n(AUB) = n(A) + n(B) — n(ANB)
=180+275-95
=455-95
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=360

.. The number of students who were listed as drinking at least one of the drinks is 360.

Hence, the number of students who were listed as drinking neither Limca nor Miranda is
700 — 360 = 340.
Example 39: In a class of 50 students, 24 students have taken History and 16 have taken
History but not Geography. If all the students have taken at least one of the subjects, find
(1) The number of students who have taken both History and Geography.
(i) The number of students who have taken Geography but not History.
Solution : Let A and B be the sets of students who have taken History and Geography
respectively.

. n(A) =24 and
n(A-B)=16
(1) We have,

n(A — B)=n(A) - n(ANB)
=16=24-n(ANB)
= n(ANB)=24-16
=38
8 students have taken both History and Geography.

(i) Since all the students have taken at least one of the subjects, therefore n(AJB) = 50
We have,

n(AUB) = n(A) + n(B) — n(A(B)
= 50 =24+ n(B)-8
= 50 =16+ n(B)

— n(B)=50-16
=34
. n(B—A)=nB) - n(ANB)
248
=26

Hence, the number of students who have taken Geography but not History is 26.
Example 40: In a club of 100 members, 20 do not like to play football, 35 do not like to play
cricket and 50 like to play both the games. Find how many members

(1) like to play football only,
(i) like to play cricket only
and (iii) do not like to play any one of the games.

Solution : Let A and B be the sets of club members who like to play football and cricket
respectively.

n(A") =20, n(B')=35and (AN B) = 50
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Also, let|J be the set of all club members.
- n(U) =100
Now, n(A")=20= nU)—n(A)=20
=100-n(A)=20
= n(A)=80
n(B")=35=n(U)-n(B)=35
=100-n(B)=35

= n(B) =65
(i) We have,
n(A - B) = n(A) — n(ANB)
=80-50
=30

. 30 members like to play football only.
(i) We have,
n(B —A) =n(B) - n(ANB)
=65-50
=15
-, 15 members like to play cricket only.
(iii) We have,
n(AUB) = n(A) + n(B) — n(ANB)
=80+ 65-50
=80+15
=95
-, The number of club members who like to play at least one of the games is 95.
Hence, the number of club members who do not like to play any one of the games is

n(U)-n(AUB)

=100-95

=5
Example 41: In a group of students, 100 students know Hindi, 50 know English and 25 know
both. Each of the students knows either Hindi or English, How many students are there in the
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group?
Solution : Let A and B be the sets of students who know Hindi and English respectively.

- n(A) =100, n(B)=50and n(ANB) =25

We have,
n(AJB) = n(A) + n(B) — n(ANB)
=100+ 50-25
=150-25
=125

So, the number of students who know at least one of the languages is 125.
Also, it is given that each of the students knows either Hindi or English.
Hence the number of students in the group is 125.

Exercise 1.3

1. Ina group of 800 people, 550 can speak Hindi and 450 can speak English. If each people
can speak at least one of the languages, how many can speak both Hindi and English?

2. If A and B are two sets and U is the universal set such that n(U) =700, n(A)=200,
n(B)=300 and n(ANB)=100, find n(A'NB’).

3. If X and Y are two sets such that X |JY has 18 elements, X has 8 elements and Y has 15
elements, how many elements does X (1Y have?

4. Inacommittee, 50 people speak French, 20 speak Spanish and 10 speak both Spanish and

French. How many speak at least one of these two languages?

5. A survey shows that 63% Indian like tea and 76% like coffee. If x% of the Indian like both
tea and coffee, find the value of x.

6. In a group of 50 persons, 14 drink tea but not coffee and 30 drink tea. Find,
(i) How many drink tea and coffee both.
(i) How many drink coffee but not tea.

7. Inacertain locality of Guwahati a survey is conducted among 1000 families. It reveals that
300 subscribe The Assam Tribune, 250 subscribe The Sentinel and 100 subscribe both. Find
the number of families who do not subscribe to any of the two newspapers.

8. Inasurvey of 100 persons, it was found that 28 read magazine A, 30 read magazine B, 42
read magazine C, 8 read magazines A and B, 10 read magazines A and C, 5 read magazines
B and C and 3 read all the three magazines. Find,

(i) how many read none of the three magazines?
(i) how many read the magazine C only?
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9. Inasurvey of 100 persons, it is found that 42 read India Today, 30 Sunday, 28 Outlook, 10
India Today and Sunday, 5 India Today and Outlook, 8 Sunday and Outlook and 3 read all
the three magazines. How many read none of the three magazines?

10. In a city, 20% of the population travels by car, 50% travels by bus and 10% travels by both
car and bus. Find the percentage of population who are travelling by car or bus.

11. If A and B are two sets such that n(A) = 115, n(B) = 326 and n(A-B) = 47, find n(A{J B)

Relations and Functions
2.1 Introduction :

In this chapter, we shall study some basic definitions and examples of relations and func-
tions. Some functions related to Business and Economics will also be discussed.

2.2 Definitions : If a pair of objects x and y occur in a specified order such that x is followed
by y, then the pair is called an ordered pair, which is expressed in the form (x, y). Here x is
called the first component and y is called the second component of the ordered pair. If x and y
are different, then the ordered pairs (x, y) and (y, x) are also different.

Let A and B be any two non-empty sets. Then the set of all possible ordered pairs (x, y),
where x e A and y € B, is defined as the Cartesian product of A and B and it is denoted by
AxB.

A><B={(x,y)|xeA,yeB}

Similarly, Bx A = {(yx) |[xeA,ye B}

For example, let A= {1, 2} and B= {q, b, c}.

Then

AxB={(1,a),1,b),(1,¢),(2,a),(2,b),(2,¢)}

Bx A ={(a,1),(b,1),(c,1),(,2),(b,2),(c,2)}

AxA={1,1),(1,2),(2,1),(2,2)} and

Bx B = {(a,a),(a,b),(a,c),(b,a),(b,b),(b,c),(c,a),(c,b),(c,c)}

Example 1: If (x+3,5)=(6,2x+ y), find x and y.
Solution : Given that,
(x+3,5)=(6,2x+y)

=>x+3=6,5=2x+y

=>x=6-3,y=5-2y

=>x=3,y=5-2x3
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: B b—g _(31
Example 2: Find a and b if 37073 33

Solution : Given that,
g + 1’ b— E = é,l
3 3 3°3

:>£+1=§,b—
3 3

OSSR N)

-Lb=—+

a 1
=—= —
3 3

5
3
a 2 3
237373
=a=2,b=1
Example 3: If G= {7,8} and H= {5, 4, 2}, find Gx Hand HxG.
Solution : Here, G= {7, 8} and
H={5,4,2}
5 GxH={(7,5),(7,4),(7,2),(8,5),(8,4),(8,2)}
and  HxG ={(5,7),(5,8),(4,7), (4,8),(2,7),(2,8)}
Example 4: If A:{xeN|x§4}and B:{yeN|3<yS5},find AxA, AxB, BxAand
BxB
Solution : Here, A ={xeN|x<4}

={1,2,3,4}
and B={yeN|3<ySS}
= (4,5}
AXA= {(1,1), (1,2),(1,3),(1,4),(2,1),(2,2),(2,3),(2,4),(3,1), (3,2),(3,3),(3,4),
(4,1),(4,2),(4,3),(4,4)}

AxB={(1,4),(1,5),(2:4),(2,5),(3,4),(3,5),(4,4),(4,5)}
Bx A ={(4,1),(4,2),(4.3),(4.4),(5,1),(5,2),(5.3),(5.4)}
BxB={(4,4),(4,5),(5,4),(5,5)}
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Example 5: If Let A={1, 2, 3}, B= {4} and C = {5}. Verify that

i AxBUC)=(AxB)U(AxC)

(i) AxBNC)=(AxB)N(AxC)

(i) Ax(B-C)=(AxB)-(AxC)

Solution : Here, A={1, 2,3}, B= {4} and C = {5}
(i) We have,

BUC={4,5
5 Ax(BUC) ={(1,4),(1,5),(2,4),(2,5),(3,4),(3,5)}
Again, A xB={(1,4),(2,4),(3,4)}
AxC={(1,5),(2,5).(3,5)}
5 (AxB)U(AxC) ={(1,4),(2,4),(3:4),(1,5),(2,5),(3,5)}
Hence Ax(BUC)=(AxB)U(AxC)
(i) We have,
BNC=¢
L AxBNC)=4¢
Again, A xB={(1,4),(2,4),(3,4)}
AxC={(1,5),(2,5).(3,5)}
S (AxB)YN(AxC)=¢
Hence Ax(BNC)=(AxB)N(AxC)
(iii) We have,
B-C= {4}
5 Ax(B-C)={(1,4),(2,4),(3,4)}
Again A xB={(1,4),(2,4),(3,4)}
AxC={(1,5),(2,5),(3,5)}
. (AxB)—=(AxC)={(1,4),(2,4),(3.4)}
Hence Ax(B-C)=(AxB)—-(AxC)
Example 6 : Let A={1, 2,3}, B={x|xeNanduxis prime <5}. Find AxB and Bx A.

Solution : Here,
A=1{1,2,3}
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and B ={x|xe Nandx is prime <5}
={2,3}
S AxB= {(1,2),(1,3),(2,2),(2,3),(3,2),(3,3)}
and BxA= {(2,1),(2,2),(2,3),(3,1),(3,2),(3,3)}

2.3 Relation : A relation R from a non-empty set A to a non-empty set B is a subset of the
Cartesian product A x B. Thus R is a relation from A to B ifand only if Rc AxB.

.. R={(a,b)|acA, beB}

In symbol, we write (a,b) € R < aRb.

The set {a|(a,b) e R} is called the domain of R.

The set {b|(a,b) € R}is called the range of R.

The whole set B is called the codomain of the relation R. In general, range < codomain.

For example, let A = {1, 2, 3}, B = (a, b, ¢}, R = {(l,b),(Z,c),(l,a),(3,a)} and
R, = {(1,a),(2,b),(a,b)}. Then R, is a relation from A to B because R, c AxB. But
(a,b)e BxB and so R, ¢ A xB. Hence R, is not a relation from A to B.

Again, if R < A x A, then we say that R is a relation from A to A or on A. Thus R is a
relation from A to Aif and only if R — A x A.

~R={ab)|a,beA}

If R=¢ and R = A x A, then R is said to be an empty and universal relation respectively.

Example 7 : Let A= {1,2,3,4,5,6}. Define arelation R fromAto Aby R = {(x,y) ly=x+ 1}.
Find R. Also write down the domain, codomain and range of R.
Solution : Here, A= {1, 2, 3,4, 5, 6}

Now, R= {(x,y)|y=x+1,x,yeA}

={(1.2),(2.3).3.:4).(4.5).(5.6)}
-. Domain of R ={1,2, 3,4, 5}
Codomain of R={1,2,3,4,5,6} =A

and rangeof R=1{2,3,4,5,6}

Example 8 : Let A={-2,—1, 0, 1, 2}. Find the relations defined as follows :

i R,= {(a,b) | a is the square of b}
(i) R, ={(a,b)|ais lessthan b}
(i) R, ={(a,b)|a isequal to b}.
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Solution : Here, A={-2,-1,0, 1, 2}
() .. R,={(a,b)/a is the square of b,a,be A}

= {(1-1),(0,0), (1))}
(i) .. R,={(a,b)/aislessthan b,a,be A}

= {(_2’_1)’ (_290)’ (_291)’ (_292)9 (_190)7 (_1’1)9 (_192)9 (091)7(092)7(1’2)}
(i) . Ry ={(a,b)/aisequalto a,pbc A}

={(-2,-2),(=1,-1),(0,0),(L,1),(2,2)}

Example 9 : Given the sets A = {1, 2, 3, 4,5} and B = {1, 3, 5}, write R as a set of ordered
pairs, if the relation R from A to B is defined by 'x is less than . State the domain and the range
of the relation.

Solution : Here, A= {1,2,3,4,5} and B= {1, 3, 5}
Now, R= {(x,y) |xislessthany, xe A,y e B}
={(13),(1,5),(23),(2,5),(3.5),(4.5)}
-. Domain of R ={1, 2, 3, 4}
and range of R = {3, 5}
Example 10: Let A be the set of first ten natural numbers and the relation R on A is defined as
xRy < x+2y=10. Find R and the domain and rage of R.

Solution : Here, A={1,2,3,4,5,6,7,8,9, 10}
Now, R={(x,y)|x+2y=lO,x,yeA}
= xy)|x=10-2y, x,yeA}
{8.,(6,2),(4.3),(2,4)}
. Domain of R = {2, 4, 6, 8}
and range of R= {1, 2, 3,4}
Example 11: Let R be a relation on the set N of natural numbers defined by
R = {(a,b) la+3b= 12}. Find (i) R (ii) domain of R and (iii) range of R.
Solution : (i) We have,
R ={(a,b)|a+3b=12, a,b N}
{(a,b)|a=12-3b, a,b e N}
{o.,6.2,33)}
{3.3),(6,2),0.1)}
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(i1)) Domain of R = {3, 6, 9}
(ii1)) Range of R ={1, 2, 3}

Example 12: Let A = {1, 2, 3, ..... , 14}. Define a relation R from A to A by

R = {(x,y)|3x -y =0}. Write down its domain, codomain and range.
Solution : Here, A= {1, 2, 3, ....., 14}
Now R = {(x,y)|3x—y=0, x,yeA}

= {(x,))|y=3x, x,ycA}

= {13),(2,6),(3.9).(4,12)}
-. Domain of R = {1, 2, 3, 4}
Codomain of R={1, 2, 3, ..., 14} =A
Range of R={3,6,9, 12}
Example 13: Determine the domain and range of the relation R defined by
R ={(x,x +5)| x€{0,1,2,3,4,5}}
Solution : We have,
R ={(x,x+5)|x€{0,1,2,3,4,5}}

=1(0,5),(1,6),(2,7),(3.8),(4.9),(5.10)}
-. Domain of R=1{0, 1,2, 3,4, 5}

and range of R ={5, 6, 7, 8, 9, 10}
Example 14: Let A= {1, 2, 3, 4, 6} and R be the relation on A defined by {(a,b) | b is exactly
divisible by a,a,b € A}

(1) Write R in roster form.

(i) Find the domain of R.

(iii) Find the range of R.
Solution : Here, A= {1, 2, 3,4, 6}

(i) We have,

R ={(a,b)| b isexactly divisible by a,a,be A}

= {11, (1,2),(1,3),(1,4),(1,6),(2,2),(2,4),(2,6),(3.3),(3,6), (4,4),(6,6)}
(i) Domain of R={1,2,3,4, 6}
(i) Range of R={1,2,3,4, 6}
Example 15: Let A be the set of first five natural numbers and let R be a relation on A defined
as follows: (x,y)eR< x<y

Express R as a set of ordered pair. Find the domain and range of R.
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Solution : Here, A= {1, 2, 3, 4, 5}

[um—

bl

We have, R={(x,y)|x£y, x,yeA}
= {(LD),(1,2),(1,3),(1,4),(1,5),(2,2),(2,3),(2,4),(2,5),(3,3),(3,4),(3,5),
(4,4),(4,5),(5.5)}

.. Domain of R ={1, 2, 3, 4, 5}

and range of R = {1, 2, 3, 4, 5}

Exercise 2.1

. Find the values of @ and b, if (3¢ —2,b+3)=(2a-1,3).

If (x+1,y-2)=(3,1), find the values of x and y.
IfP={a b, ¢} and Q= {r}, find PxQand QxP.
LetA={1,2,3},B={3,4} andC= {4, 5, 6}. Find
i AxBNO) (i) (AxB)N(AxC)
(i) AxBUO) (iv) (AxB)U(AxC)

. IfA=1{2,3},B=(6,8},C={1,2)and D = {6, 9}, verify that

(i) (AxB)N(CxD)=(ANC)x(BND)

(i) (AxB)U(CxD)c (AUC)x(BUD)
IfA={1,3,5},B={x y}, find

() AxB (i) BxA (i) AxA and(iv) BxB
If AxB={(a,x),(a,y),(b,x),(b,y)},find A and B.

8. LetA={1,2},B=1{1,2,3,4},C=1{56'and D= {5, 6,7, 8}, verify that

10.

11.

12.

i Ax(BNC)=(AxB)N(AxC)
(i) AxC isasubsetof BxD.
IfA={1,2,3} and B={2,4}, find AxA, BxB, AxB, BxAand (AxB)(1(BxA).

Arelation R is defined from the set A= {2, 3,4, 5} toaset B= {3, 6,7, 10} as follows :
(x,y) e R < xdivides y

Express R as a set of ordered pairs and determine the domain and range of R.

If R is the relation "less than" from A= {1,2,3,4,5} toB={1,4, 5}, write down R as a set
of ordered pairs.

Write the relation R = {( X, x3) | x is a prime number < 10} in roster form.
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13. Let R be the relation on Z defined by
R= {(a,b) la,beZ,a—bis aninteger}

Find the domain and range of R.

14. IfA= {1, 2,3}, B= {4, 5, 6}, which of the following are relations from A to B? Give
reasons in support of your answer.

() {1,6),(3,4),(5,2)}
(i) {(1,5),(2,6),(3,4),(3,6)}

(i) {(4,2),(4,3),(5,1)}
(iv) AxB
15. LetA={2,3,4,5} and B= {3, 6, 7, 10}. A relation R from A to B is defined as
R= {(x,y) | x is relatively prime toy, xe A,y € B}
Find R, domain of R and range of R.
16. Let R be a relation defined on the set N of all natural numbers by (a,b) e R < x+2y =8.
Find R, domain of R and the range of R.
17. Let A= {3,5},B=(7, 11) and R = {(a,b)|a—b isodd,a € A,b € B}. Show that R is an
empty relation from A to B.
18. Determine the domain and range of the following relation :
(a,b)|laeN,a<5b=4
19. Let A= {11, 12, 13}, B={8, 10, 12} and a relation R from A to B is defined by
R = {(x,y) ly=x-3,xeA,ye B}. Find R, domain of R and range of R.
20. If the set A has p elements, B has q elements, what is the number of elements of A x B.
21. Let A and B be two sets such that n(A) =3 and n(B) = 2. If (x.1), (1,2),(z,1)are in A xB
write A and B.
2.4 Function : Let A and B be any two non-empty sets. If fis a relation from A to B, then
f < AxB. In every ordered pair of £, the second component is called the image of the first

component.

Arelation f'from a set A to a set B is said to be a function if every element of the set A has
one and only one image in the set B.

Alternatively, given two non-empty sets A and B (not necessarily distinct), if by relation
f < AxB, we can associate each member of A to one and only one member of B, then this
relation fis called a function or a mapping from the set A to the set B.
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The set A is called the domain and the set B is called the codomain of the function f. If fis
a function from A to B and (x,y)e f, then we write f{x) = y, where y is called the image of x

under f'and x is called the preimage of y under f. The set of images of the elements of the
domain is called the range of /. It is clear that range = codomain. The function ffrom A to B

is denoted by f:A — B.
For example, let A= {1,2,3,4},B=1{2,4,6,8} and f ={(1,2),(2,4),(3,6),(4,8)}. Itis clear

that /' < AxB and so fis a relation from A to B. Also every element of A is associated with

one and only one element of B, that is, every element of A has one and only one image in the set
B. So fis a function from A to B. The domain and the range of fare {1, 2, 3,4} and {2, 4, 6, 8}
respectively.

2.5 Definitions : A function which has either R or one of its subsets as its range is called a
real valued function. Further, if its domain is also either R or a subset of R, it is called a real
function.

2.6 Functional value : Let /: A — B be any given function. Ifa € A, then f{a) is obtained

by putting a for x in the mathematical expression of f{x). The f{a) is called the functional value
of fat x = a.

2.7 Some special functions :
(i) Identity function : Let R be the set of real numbers. The function f:R — R defined by
f(x)=x, VxeR is called the identity function of R. The domain and range of f'are R each.

(i) Constant function : Let R be the set of real numbers. The function f:R — R defined
by f(x)=k, Vx eR iscalled a constant function, where % € R is a constant. Here domain f'is
R and its range is {k}.

(iii) Polynomial function : Let R be the set of real numbers. A function f:R — R defined

by f(x)=a,+ax+ azxz +...+a,x", Vx e R issaid to be a polynomial function, where nis a
non-negative integer and a,,q,,4,,....,a, € R.

For example, f(x)=x"+6x+2, g(x)=x°++/3x +2 are polynomial functions. But
h(x)= x” +7x — 2 isnot a polynomial function.
(iv) Rational function : A function f defined in a domain is called a rational function if it is of

g(x)
the form J(*) :% , where g(x) and ¢(x)are polynomial functions of x defined in the

domain where ¢(x) = 0.
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2

6
For example, f:R —{2} - R defined by f(x)= al +2 is a rational function.

(v) Modulus function : Let R be the set of real numbers. The function f:R — R defined
by
f(x)=|x], vxeR
e if x>0
|- xifx <0

is called the modulus function.
2.8 Algebra of real function :
(1) Addition of two functions : Let /: A —> R and g:A — R be any two real functions,

where A = R. Then (f +g):A — R is defined by

(f+82)()=f(x)+g(x), Vxe A
(i) Subtraction of functions : Let /' : A — R and g: A — R be any two real functions, where
A cR. Then (f —g):A — R is defined by

(f-8)x)=f(x)—-g(x),VxeA f(1I)=1+2=3
(i) Multiplication of a function by a scalar : Let f:A — Rbe a real function, where
A c R and a be a scalar. Then af : A —> R is defined by

(af o(x)=a f(x),VxeX
(iv) Multiplication of two functions : Let /: A — Rand g: A — R be any two real functions,
where A c R. Then fg:A — R is defibed by

(/8)(x) = f(x)g(x), Vxe A

(v) Division of two functions : Let f:A —>Rand g:A — Rbe any two real functions,

A
where A — R. Then E is defined by
fj f(x)
= |(x)=—=,Vx€eA, wh
[g 2(x) where g(x)=0.
Example 16: If f(x)=x?,find the values of f(0), f(1)and f(-1).
Solution : Here, f(x)=x?

5 f(0)=0*=0



122 Sets and Linear Functions
f(h=1*=1
and  f(-1)=(-1) =1

x+2,1<x<L2
Example 17: If /(%) ={1_2x 5 <y <3 find f(), f(L5), f(2),/(2.5) and f(3).

x+2,1<x<L2
Solution : Here, f<x):{l—2x,2<x§3
S f)=1+2=3
f(1.5)=15+2=35
f(Q)=2+2=4
f(25)=1-2%x25=1-5=-4
and f(3)=1-2x3=1-6=-5
Example 18:
@) If f(x)=3x+1, find f(-2), f(0) and f(2).
(i) If f(x)=x*-5|x|+2, find £(0), f(1)and f(-1).
2x—-1,x<0

Giiy 16 /=)L OS2 g o), £(-1), £(1),£(2) and £ (4.
4-5x,x2>22
Solution : (i) Here, f(x)=3x+1
s f(=2)=3x(=2)+1=—6+1=-5
f(0)=3x0+1=0+1=1
and  f(2)=3x2+1=6+1=7
(i) Here, f(x)=x>-5|x|+2
. f(0)=0-5x0+2=2
S =17 =5x|1|+2=1-5x1+2
=3-5
=2
and  f(=1)=(-1)>=5|-1|+2=1-5x1+2
=3-5
=-2
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2x—-1,x<0
(iii) Here, J(x)=9x+1,0<x<2
4—-5x,x>2
“f(0)=2x0-1=0-1=-1
f(=)=2x(-)-1=-2-1=-3
fH)=1+1=2
f(2)=4-5x2=4-10=-6
and f(4)=4-5x4=4-20=-16

SAD-fD

Example 19: If £(x)=x?, find 11

Solution : Here, f(x)=x"

C fAD-fO) @1’ -1
' 1.1-1 0.1

=2.1
Example 20: Let f,g:R—>R be defined by f(x)=x+1land g(x)=2x-3.Find

di
f+g.f—gan g

Solution : Here, f,g:R — R is defined by
f(x)=x+1,VxeR
and g(x)=2x-3,VxeR
(f+8)(x)=f(x)+g(x), VxeR
=x+1-(2x-3), VxeR
=3x-2, VxeR
(f-g)x)=f(x)-gx), VxeR
=x+1-(2x-3), VxeR
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=x+1-2x+3,VxeR

=—x+4, VxeR
£, S x+l 3
And [E]m_ g0 2x—3’vx(¢ 2)ER

Example 21: If f(x)=(x-a)*(x—b)*, find f(a+D).
Solution : Here, f(x)=(x—a)’(x—b)*

fla+b)=(a+b—a)*(a+b-b)

=b*d?
:a2b2
Example 22:
b
Q) If y=/(x)= Z;C_a, then prove that x = £(»).

(i) If f(x) =i, show that f[f{f(x)}]=x.

ax—b
, X #

a
Solution : (i) Here, y= f(x)= -
bx—a b

ay—>b
by—a

a(ax—bj_b
_ bx—a

b(ax—b]_a
bx—a

alax—b)—b(bx—a)

- S)=

_ bx—a
b(ax—b)—a(bx —a)
bx—a

B a’x—ab—-b*x+ab

 abx—b* —abx+a’



Relations and Functions

B !az -b? !x
- a’ —b?

=x
. 1
(i) Here, f(x)=m, x#1

1
J(x)

L TU@ =

=X

Example 23: Find f { f (x)} if (i) f(x)=

+1

. . _ 2x
Solution : (i) Here, f(x)= 3ex ¥*E3

2x +
3

! (i) f(x)=

+Xx

X+
X —

1
1

125
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2f(x)+1
3+ /(%)

2(2x+1j+1
_ 3+x
3+2x—i—1
3+x

L ffe)=

22x+1)+3+x

_ 3+x
33+x)+2x+1

3+x

_4x+2+3+x
9+3x+2x+1

_5x+5
5x+10

_5(x+1)
5(x+2)

_x+l1
x+2

+1
(i) Here, f (x)=%, x#1

. _S+1
SAVICIS o]

fil+1
_x—1

x+1_
x—1

x+1+x-1
_ x—1
x+1-(x-1)
x—1
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2
2

=X

Example 24: If f(x)=b[z_aj+a(x_b],then prove that f(a)+ f(b)= f(a+b).

a—>b

Solution : Here,

x—a x—b
f(x):b(b—a}-a(a—b)

a-b

Agmn,f(a+b)=b(azb_aJ+a(a+b_b)
b* a’

= +
b—a a-b

2 2
b a

" b-a b-a

b* —a?
b—a
_(b+a)(b-a)
N b—a
=b+a
Also, f(a)+ f(b)=a+b=b+a

fla)+f(b)=f(a+D)

+b 1
Example 25: If f(x)= D72 then prove that f(x) f (—j =1.
bx+a X

127
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Solution : Here, f(x)=

ax+b
bx+a

1 a.i+b
) f(?j: 1

a+bx

__X
b+ax

X

_bx+a
ax+b

) 1) (ax+b)(bx+a
- f(x)f(xJ_(bx+a](ax+bj

=1

2.9 Some functions in business and economics:

)

(it)

(iii)

We are giving below some common functions in economics and business.

Demand function : Demand function gives the relationship between demand and price.
We know that increase in price of a commodity usualy leads to a decrease in demand. So

demand is inversely related to the price. A demand function is written as y = f(x), where
y is the quantity demanded and x is the price. For example, a linear demand function is
y=a—bx, where a and b are positive constants.

Supply function : Supply function gives the relationship between quantity supplied of a
commodity and its price. We know that increase in price of a commodity usually leads to a
increase in supply. So supply is directly proportional to the price. A supply function is

written as y = f(x), where y is the quantity supplied and x is the price. For example, a
linear supply function is y = a + bx, where a and b are positive constants.

Cost function : Cost function gives the relationship between total cost and the quantity
produced of a certain commodity. A cost function is written as y = f(x), where y is the
total cost and x is the number of quantity produced.

(iv) Revenue function : Revenue function gives the relationship between the revenue ob-

tained and the quantity sold of a certain commodity. A revenue function is written as
y = f(x), where y is the total revenue earned and x is the number of quantity sold.
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(v) Profit function : The profit function p(x) is given by p(x)= R(x)—c(x), where R(x) is
the total revenue earned from the sale of x units of a commodity and c(x) is the total cost
of x units of the same commodity.

Example 26: The total cost function C(x)of producing x items is given by

1000+ 5x, when 0 < x <500

C(x)=
2000 + 4x, when 500 < x <2000

Find the cost of producing (i) 430 items and (ii) 1200 items.
Solution : Here,
1000+ 5x, when 0 < x <500

C(x)=
2000 + 4x, when 500 < x <2000

(i) We have,
C (430)= 1000 +5x 430
=1000+ 2150
=3150

(i) We have,
C(1200) = 2000 + 4 x 1200
=2000 + 48000
= 6800

Example 27 : The total revenue in Rupees received from the sale of x units of a product is
given by R(x)=3x? +36x + 5. Find the total revenue earned by selling 5 units of the product.
Solution : Here, the total revenue function is given by

R(x)=3x*+36x+5

5. R(5)=3x5*+36x5+5
=75+180+5

=260
.. The total revenue earned by selling 5 units of the product is Rs. 260.

Example 28 : The total cost C(x) in Rupees, associated with the production of x units of an
item is given by
C(x)=0.005x> = 0.02x? + 30x + 5000.

Find the total cost for the production of 2 units.
Solution : Here,

" C(2)=0.005x2> = 0.02x 22 +30x 2+ 5000
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=0.005x8—-0.02x 4 + 60 + 5000
=0.04-0.08+ 5060
=-0.04 + 5060
=5059.96
-, The total cost for the production of 2 units is Rs. 5060 (nearly).

Exercise 2.2

1. Afunction fis defined by f(x)=2x-5. Write down the values of f(0), f(7) and f(-3).

2. Which of the following relations are functions? Give reasons.
(0 {2.1),(5.D,8.D),(11,1),(14,1),(17,1)}
(i) {(2.1),(4,2),(6,3),(8,4),(10,5),(12,6),(14,7)}
(i) {(1,3),(1,5),(2,5)}

3. If f(x) =X+§, then prove that [ (x)F :f(x3)+3f(%j.

1 1
4. 1If f(x) =x’ —F, then show that f(x)"'f[;jzo

2x+1
5. If f(x)=m=y’ then prove that x = f(»).

6. If f(x)=x*and g(x)=2x+1,find (f +g)(x), (f -)(x), (/&)(x) and @m-

7. Let f(x)= Jx and g(x)=x be two functions defined over the set of non-negative real

numbers. Find (f + g)(x),(f — g)(x), (fg)(x)and [éj(x)-

8. If f(x)=3—4x+x find £(0),/(~1)and f(4).

3x? —2x+4
9. 1If f(x)z%, find f(~2) and £(0).
5x—3
10. If y=f(x)=3i_5, show that f(y)=x.
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+b)—
11. If f(x)=2x2 + x, show that w=4a+2b+l.
12. If f(x)=x"—3]|x|, then find £(0),f(1) and f(-1).
13. A function f7is defined as follows :

x+2,when0< x<1
f(x)=94-1,whenl<x>3
2, whenx>3

Find f(%j f(4)and f(2).

14. The total cost function C(x) of producing x items is given by

C(x) 0.5x 417000, if 0 < x <10000
X)=
5x+22000 if10000< x <20000

Find the cost of producing (i) 500 items and (ii) 15000 items.
15. The total revenue in Rupees received from the sale of x units of a product is given by
R(x)=13x" +26x+15

Find the total revenue earned by selling 6 units of the product.
16. The total cost C(x) in Rupees associated with the production of x units of an item is given

by
C(x)=0.007x> —0.003x2 + 15x + 4000.
Find the total cost for the production of 3 units.

ANSWERS

Exercise 1.1
1. (i) Notaset (ii) set (iii) nota set (iv) nota set (v) set (vi) set (vii) set.
2. (1) {-3,3} (1) {C,0,L, E, G} (iii)) {AB,BC,AC} (iv) {3,5,7} (v) {0, 1,2, 3,4}
(vi) {1,3,5,7} (vii) {b,c,d, £, g h,j} (viii) {1,2,3,4,5,6}
3. (i) {x|xisaletter in the English Alphabet}
(i) {x|xeN and x<12} (iii) {x|x is a factor of 105 and x =1}

(i) {x|x=5",neN and 1<n<4} (v) {x|x=2n,neN}

(iv) {x|x e N and x <7} (vil) {x|x isan odd natural number and x <10}
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. B L1
4. () A={0,+1,+2,+3} (ii) B= 3579

(i) C={m, 1i,s,p} (iv) D={1,2,3,6,9,18} (v) E={3}
5. (1) Empty set (ii) Not empty (iii) Empty set (iv) Empty set (v) Empty set (vi) Empty set
(vii) Not empty
6. (i) Empty set (ii) Singleton set (iii) Empty set (iv) Singleton set.
7. (i) Finite (ii) Finite (iii) Infinite (iv) Finite (v) Infinite (vi) Infinite
(vii) Infinite (viii) Finite
8. A=B=E
9. ) A=B (i) A#B
ANSWERS
Exercise 1.2
1. ) AcB (ii)) AcB (iii) AcB (iv) AcB (V) AcB (vi) AcB (vii)) AcB
2. P(A) = {g,{), {2}, 31,44}, {1,2}, {13}, {14}, {2,3},{2,4}, 3,4}, {1,2,3}, {1,2,4}, {134},
{2,34},11,2,3,4}}

3. @.{a}

4. AcB,AcC,BcC,DcA,DcB,DcC

5.0 {1,2,3,5,6} (i) {1,2,3,4,5}

6. (1) {1,2,3,4,5,6,7,8} (i) {1,2,3,4,5,7,8,9,10,11}
(u) {4,5,6,7,8,9,10} (iv) {4,5,6,7,8,10,11,12,13,14}
(v) {1,2,3,4,5,6,7,8,9,10, 11} (vi) {1,2,3,4,5,6,7,8,9,10,11, 12,13, 14}
(vii) {4,5,6,7,8,9,10, 11,12, 13, 14} (viii) {4,5} (ix) ¢ (x) {4,5}

7. G) {7,911} (i) {11,13} (i) ¢ (iv) {11} (v) ¢ (vi) {7,9, 11} (vii) ¢ (viii) {7,9, 11}
(ix) {7,9, 11} (x) {7,9, 11, 15}

8. () {3,6,9,15,18,21} (i) {3,9, 15,18,21} (iii) {3,6,9, 12, 18,21} (iv) {4,8, 16,20}
(v) 12,4,8,10, 14,16} (vi) {5, 10,20} (vii) {20} (viii) {4,8, 12, 16} (ix) {2, 6, 10, 14}



Relations and Functions 133
(x) {5,10, 15} (xi) {2,4,6,8,12,14, 16} (xii) {5, 15,20}

10. ) {2,3,7,11,13}

11. (1) {8} (i) {3,5} (i) {1,3,5,8} (iv) {1,4,6,7,8,9} (v) {7, 8}

13. (1) {x|xeR and 5<x<8 (ii)) {2} (iii) AUB={x|xeR and 1<x<10}

ANB={x|xeRand 3<x<7}

(iv) {2}

14. Yes, AUUB=B

15. (i) False (ii) True (iii) False

16. (1) {3,5}

Exercise 1.3

1. 200 2. 300 3.5 4. 60
5. 39<x<63  6.() 16 (ii) 20 7. 550 8. (i)20(ii) 30
9. 20 10.  60% 11. 373

Exercise 2.1

I a=1,b=0 2. x=2,y=3
3. PxQ={a,r),(b,r).(c.r)} QxP={(r,a),(r,b),(r,c)}
4. () {(1,4),2,4).3.4)} (i) {1.4),(2,4).(3.4)}

(i) {(1,3),(1,4),(1,5),(1,6),(2,3),(2,4),(2,5),(26),(3.3),(3,4),(3,5),(3,6)}

(V) {(1,3),(1,4),(1,5),(1,6),(2.3),(2,4),(2.5),(2,6),(3,3),(3.4),(3,5),(3.6)}
6. () {(1L,x),(1,1),(3,%),(3,1).(5,%),(5,)}

@) {CeD, (63), (2.5, (1D, (1:3),(15)}

{

(1) (1,1),(1,3),(1,5),(3,1),(3,3),(3,5),(5,1),(5,3),(5,5)}
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(V) {0, ), (5, ) (7,30, (7, )}
7. A={a b}, B={x, y}

9. AxA={11),1,2),(1,3),(2.1),(2,2),(2,3),(3,1).(3.2).(3.3)}
BxB={(2,2),(2,4),(4.2),(4,4)}
AxB={(12),(14),(2,2),(2:4),(3,2), 34}
Bx A ={(2,1),(2,2),(2,3),(4,1),(4,2),(4,3)}
(AxB)N(BxA)={(2,2)}
10. R = {(2,6),(2.10),(3,3),(3,6),(5,10}, Domain of R = {2, 3, 5}, Range of R = {3, 6, 10}
11 R = {(1,4),(1,5),(2:4),(2,5),(3:4),(3,5),(4.5)}
12. R = {(2,8),(3,27),(5,125),(7,343)}

13. Domain of R = Z, Range of R=7Z
14. () Notarelation (ii) Relation (iii) Not a relation (iv) Relation

15. R = {(2,3),(2,7),(3,7),(10,10),(4,3),(4,7),(5,3),(5,6),(5,7)}
Domain of R = {2, 3,4, 5}, Range of R= {3, 6, 7, 10}
16. R = {(2,6),(4,2),(6,)}, Domain of R = {2, 4, 6}, Range of R = {1, 2, 6}
18. Domain = {1, 2, 3, 4}, Range = {4)
19. R = {(11,8),(13,10)}, Domain of R = {11, 13}, Range of R = {8, 10}

20. pg
21. A={x,» z},B={1, 2}
Exercise 2.2
1. =5,9,—11
2. (i) Yes (ii) Yes (iii) No

6. x*+2x+1;x*=2x-1;2x%° erz;zx—,x;«r&—l

3 -1
\/;er:\/;—x;xé;x A,x;tO

=~
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8. 3,8,3

20
9. __>_4
3

14. (1) 17250 (i1) 97000
15. Rs. 639
16. Rs. 4045.20 (nearly)
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Unit-III : Indices and Logarithm
Indices

Introduction :

Indices and Logarithm

A knowledge of powers or indices is necessary to understand algebraic processes.

Indices are used to show how many times a number has been multiplied by itself.

Suppose we have

S5x5x5x5
We write this as '5 to the power 4' i.e. 5%

The number 4 is called the power or index or exponent and 5 is the base of 5*.

Thus if 'a' is a real number and 'm' is a positive integer then the repeated multiplication

axaxax..... to m factors is called m™ power of 'a' and is given by a”

. a” =axax.... to m factors

Laws of Indices :
(For all rational numbers)

(Exponents - Positive and negative integers, fractional, zero and negative numbers)

(1) g™ xa" =q™" (where m and n are positive integers, base a #0,1)

Proof: ¢" xa" =(axax.... to m factors)x (axax....to n factors)

=axax... to(m + n) factors

a" xa" =a™" (by definition)

This result is known as Fundamental Index Law.
Similarly if m, n and p are positive integers then

a™ xa" xaP =q™t"te
2 a"+a"=a"" it m>n

m

a
Proof: a" +a" =—
a

_axax...tomfactors

" axax...tonfactors
=axax.... to (m —n) factors
. a” +a" =a™" (bydefinition)

m

a” axax....tomfactors

. = M >
Note : a" axax....tonfactors (if n > m)
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1
Cax ax....to(n—m)factors

m

a 1

n—m

a" a
3 (") =am

Proof: (a’”y =a" xa™ x.... to n factors
= g™+ to n factors
@)
4 (ab)' =a"p"
Proof: (ab)' =abxabx....to n factors
=(axax....to n factors) x (b x b x.... to n factors)

" (ab)' =a"b"

proots ] =[5 (5 (i
roof: b b b b ....t0 n factors

_axax.... tonfactors

"~ bxbx.... tonfactors

. (zj”_i
b b"

Assuming fundamental law of indices to be true for other values of m and n :

(6) Meaning of ,°
If either m or n is zero then

0
am XCZO =am+0 =am ( a :1, a ¢0)

137
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(7) Meaning of

For n being a positive integer, a # 0, 1 then

anxa—n=an—n
n - 0
=a"'xa"=a =1
1
=a"=—
a

(8) Meaning of a% (n being a positive integer, a # 0, 1)

By applying fundamental law of index, we have

1

4" xq" x .. to n factors

_ " 4 ton factors

1
:a”'n

a% is the n" root of a
1
Loa” =(/Z
(9) Meaningof 47
By applying fundamental index law, we have

m m
a" xa" x.... ton factors

m_ m

=g" " m 4 ton factors
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m .,
.. g is the n™ root of the m™ power of 'a'.

Few more results :
. L
D g"—fk=ag=Fkm
Proof: ;7 — |
U
(o i
1
=a=k"
() gm=p" = g=pm and p— 4"
Proof : ;7 —p"

SO

m. n

=a™ =b"
n
=a=b"

And pr=gm

139
Examples:
39 X 35 — 39+5 — 314
39 .35 395 _34
(39)5 _ 395 _ 345
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Summary :

Rule

1) am ><an =am+n
2) g"sqg"=q"™"

3) (am)” =g™

Y d'=a
5 a°=1
|
6) a :a_'”
1 m
N —=a

8) (
al" "
0 [5) i

10) g =a”

) Yook

12) 2y =gt

13) If 4m —pmthena =b

14) If 4m = 4" then m=n

15) If 4" = then azmﬂ’%:W

Worked out Examples

Example (1)
Simplify

. 1 1
@ 16% =(2*)

4><i

=2
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i) (243)% :((35)% 3
(
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= 23.x%
(16x* )% =82
2x6 1 642
) 4x72 2
2x° 1
45 2
x2 x xS x2+5

3y 3n 3"3+3"

(Vll) 3n+3 _3n+1 - 3}1‘33 _3!1‘31

_3'(3+1)
37(33 —3)

Indices and Logarithm
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x_g_ xS x®
(viii) 1,4x6 1, 4

2

b* x ab
az(a + b)
b3
" a(a+b)

a’b’ b’
Ca'+b d +ab
(2) Simplify :
2m+3 % 32m—n % 5m+n+3 % 6n+1

(1) 6m+1 X 10n+3 X 15m

2m+3 32m—n 5m+n+3 6n+1

_2"2°3%375".5" 52 (2% 3)"

Solution: 6" 10" 15"

(2 X 3)er1 (2x 5)“3 (2x3)"

143
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2m 3 32m 37 5m 5n 53 pn plgn 3l

2m2l3m3.0m 5" 23 53 3m 5m

2 2

y efte ) [e-e”
(i) ) )

2 2

Solui et+e’ ) (e e

olution: 5 5

2
B ex+efx+ex—efx ex+eﬂc_ex—eﬂC
2 2 2 2
ef+e +te'—et |[e"te Tt —e +e
2 2

2e" 2e7F
= x
2 2
=e“xe”
:ex_x
= eO
=1

a a*+ab+b? b b2 +be+c? ¢ Z+ca+a®
() X X X
m s
x” x° x“
a a*+ab+b? b b2 +be+c? c +ca+a®
Soluti X X X
olution: -
x” x° x*

2 2 2 2 2 2
_b +ab+b A +bc+c . +ca+a
=(x“x )a x’.x° x‘x™

_ x(afb)(a2+ab+b2)‘x(bfc)(b2+bc+cz)‘x(cfa)(cz+ca+a2)

_ xa37b3 ,xbLCz ,x637a3

_ xa3 “B3p3 -+l

0

=1

Indices and Logarithm
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Indices
I\ - — - — - —
(V) T+ x4 x 1+ x4+ x77 14 x7¢ 410
= ! + ! + !
xt X a0 xe x¢ X
Il+—+— l+—+— I+—+—
X X X X X X
a b c
T a b c b a c c a b
x“+x +x X +x"+x X +x"+x
_x”+xb+xc
x4 xb +x°
=1
(3) Prove that
N n n+l / l+m
. X X
(1) " X - X o =1
X X X
m \Hn " n+l / I+m
S X X
LH.S= X X
x" x! x"

— x(n1—n)(m+n) .x(n—l)(n+l) .x(l—m)(l+m)

/ m n
X X X
LHS=""" x’”,"/—n <
X x X

!
X
x™

n

X X

1
i (0 Yl
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I-m m-n  n—l

=xm xm x"

1

I-m m-n

=x m mn

nt
nl

In—mn+ml—nl+mn—Iim

=x Imn
o

= ylmn
0

=X

=1

= R.H.S.

m?—n® "Z*PZ PZ*’”Z

(iii) x mino x "R o P

22 2 2
m?—n* n-p p —m

LH.S=x mtn x "7 x P

(m+n)(m—-n)  (n+p)(n—=p)  (p+m)(p-m)

=x m+n X n+p X :PE’SX _% 3
-n _m-p _p- 24

=x"T" X" xPT

= ymontn=ptp-m

:xo

=1

= R.H.S.

4

Indices and Logarithm
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Indices

q

p

Q
—~
—
+
I~
N9
S
S =
QU=
|
S
T T 2
= = SN—"
T i - A,
Q Y & Q, | — X
— p— o>
] ¥ _, : X S >
S
N , ~—— |\ / S
a o A - Y > /wq
7 N 7 N 7 N K4 N — — \P)Pq S
— | —] X — S~y + | H g
P S _ S) ) ] g, S Q| > T
~— | — ~ N N — ] > —_ ¥

4 @) If g*=p” =¢7and gbc=1

1

1+—=O

1

show that — T

z

Xy
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Proof : Given ,* =7 =~

Let g*=pY=c*=k

=a' =k
1
=a=k"
Similarly
1
b=k’
and . _ k%

Again given abc =1

1 11 0
= k¥k7 k7 =k

1,1.1
3k)c*erz :ko

:>l_|_l_|_l:0
X y z

(i) If ;¥ _p7 _ }and abe =1 show that x+y+z=0

. 1
Proof : Given ajf —bY =c%
1 1 1
Let axzby =cz =k
1
=a*=k
=a=k*

Similarly 5 _ 2V
and . _jZ
Again given abc = 1
=k k7 kT =k°
= kx+y+z =k0
=>x+y+z=0
(iii) If m=a", n=a"and g2 = (m’ n* | show that xyz =1

Proof : Given 42 = (my.nx)z
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— g2 = g2~

=2=2xyz

=>1l=x)z
xyz=1

: 111
5(1)If2"=3y:6*25howthat;+;+;=0

Proof : Given 2* =37 —g=
Let 0x =37 —¢ 2 =f

Then 2~ —
—o=kr —
Similarly, 3— ka” — (ii)

and ¢_jt — (iii)
Since  6=2x3

okt o gt gy (From (i), (i), (iii))

1.1
N T

-1 1 1
:—:—.’-_
z X y

1 1 1
=>—+—+—=0
X y z

I 1 1 1
(i) If 2¥ =3 =57 =307 prove that *+ "+ ="
Proof : Given 7* —3¥ =57 —3(?
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Let 2* =37 =57 =30" =k
Then 2* —
—2=kr — (@)

Similarly, 3 _ ;7

1
5=k
1
and30=kp
Since  30=2x3x5
1 A !
= kP =k*xk¥ xk*
1 1,11
=k =k~
1 1 1 1
— = — 4 —
p x y z
(i) If p — 55 —»(c show that ab = c (a + 2b)
Proof : Given 24 — 50 —9(°
Let 24 =57 =20° =k
then 74 —

1 .
—2=fa — @)
Similarly, 5 _ ;5 — (ii)

and 5 je  — (ii)
Since 20=2x2x5
1 11
=k¢=koxkaxk?
kgl
1 1 1

1
==t —t—
c a a b

1 b+b+a

c ab
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_ 1 _(a+2h)
c ab
= ab=c(a+2b)

X

X
(6) If x¥ =y* then prove that (;j =x" andif x =2y then prove that y =2

<=

Solution: Given x” = *

pa .
:y:xx 7(1)

Againgiven x” =yp* and x=2y
= (2y)” =(»)*, puttingx =2y
=2y ="’
=2y=)°
:>2y—y2 =0
=y(2-y)=0
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Eithery=0o0ry=2

But y =0 is impossible

Hence when y = 2 then x = 2y
=x=2.2)

=>x=4

Indices and Logarithm

“x=4andy =2
(7@ If x=2% 73 prove that 2,3 — x4 5

Solution : Given . _ 2% n 2’%

Cubing both sides,
1y
X =(23 +2 3)
5 1) 1o
=x =(23+2 3} +3.232 3
—=x =2+2"14320x

:>x3:2+l+3x

3 4+1+6x
> =—
2
3 6x+5
=x =
2

—=2x> =6x+5
(i) If = 5_57 _5/5 prove that 3 _15x2 1 60x-20=0
Solution: Given . _j4 _5% _ 5%

:>x—5=—(5% —5%)

Cubing (x— 5)3 = —(5% + S%T

W

N (1) 21
:>—(x3—15x2+75x—125)=(54) +(53j +3.53.53(5 +5

W —
N—
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=5 +5+3x5(-x+5)
=25+5+15(-x+5)
= —x° +15x% = 75x +125=30—15x+75
= —x> +15x% —60x+125-105=0

= x> —15x% +60x-20=0
Hence proved.
(8) Solve :

(1) 4x+2 + 22x+3 — 96
Solution: Given equation is

4742 92543 _gg
— 22(x+2) + 22x+3 =96
=222% 422 2% =96
= 22(2% +23)=96
= 27716+ 8)=96
= 22%(24)=96

20y
24

=2 =27
=2x=2
=x=1

() 981" =

27%73
1
27)C—3

Solution: 9-81" =

EL
27)(—3

1
4x _
3= 33(x-3)

=32

= 3?

—, 32+4x _33(x-3)

153
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=2+4x=-3(x-3)
=2+4x=-3x+9
=Tx=17
=>x=1
(iii) Solve for x and y

x7 :y2 and y2y :x4

Solution: Given x” =2

=) =02)

2
=x =y

2
= x =x*

y2=4
=2 —4=0

=(+2)(y-2)=0
Eithery=2or y=-2
When y =2

then 2 _4

=>x=12
When y =-2 then

x2=4
1
=>x=*x—
2
Exercise

(1) Simplify

0 g% (Ans %j
_ 9
(i) (64)?5 S@2n? (Ans 3—2J

o4 ) 9
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11 1Y 1
(iv) 43x(23x32] +04 (Ans 216)
(32" —5x 372 )5 - 3x 572 [A 275}
s 27
) St 32 > 819

(2) Prove that

b b+c—a ¢ c+a-b 4 a+b—c
. X X X —1
® [_J [_j (TJ i

1 1
@iv) — — + — — + - —=1
T+x%7P +x97¢ 1+xP 42 14 x4 x¢?
b \be < \ca a \ab
x¢ x4 x?
(V) - X “ X _Q =1
Xb x¢ xa

G) O Ifg*=pr=c7and p =4

1 1 2
prove that ;+_ =

zy

(i) If px =37 =127 show that z(x+2y)=xy
@) If 3* =5Y =(75)" show that xy=z(2x+ )
(iv) If x% = yb = (xy)¢ show that ab=c(a+b)

1 1
X z —_=—+4
(v) If p¥ =37 —¢*show that ~ =7

Y
(i) If x4 =3P =z¢and xyz=1

Prove that gb +bc+ca=0
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(i) If g=p*,b=c¢", c=a"
Prove that xyz=1
(viil) If g = xy?™, b=xy?", c=xy""!
Prove that ,4-7pr-P.r—4 —1
(x) If ;¥ —=pY =7 = gv then
Prove that xy(z+w)=zw(x+ )
(x) If (56)* = (5.6)” =10¢

1 1 1
Show that —=—+—
a b ¢

(4) () If . _o% ,o/sprovethat 3 _gy_6=0
i) If ,_ 2% _5/ prove that 243 4 64 =3
(i) If y—o4 9% 4o/5prove that 3 _gx2 4 6x—2=0
(v) If .5 1 p/s 4 o/5 = prove that (a+b+c)3=27abc

(V) If  _1,33 433 provethat > 3,2 6y 4-0

(5) Solve
(i) g2l g3 (Ans: 7)
(i) 4% -32%2125=0 (Ans: 2, 3)
5
() 325 9v2 4 (Ans : Ej
(V) 2%6” =24 and 22°3y =48 (Ans:x=2,y=1)

(Vl) 4X+2 + 22x+1 — 36 Ans : E



157

Logarithm
Introduction :

Logarithm is a very important mathematical tool which helps to simplify and handle large num-
bers.

Definition:

If a* =N(a >0, a=1) thentheindexxis called the logarithm of N with respect to the base 'a'
and is written as x =log, N

Here ,* — N is called Exponential Form

and x =log, N is called Logarithmic Form

Example : 3 — g is in Exponential Form

3=1log,8 is in Logarithmic Form
Laws of Logarithms:

(1) log,(mxn)=1log,m+log,n [Product Form)

Proof: Let log m=x

=a =m — @)
and log n=y
=a’=n —(

Now (i) x (i) = ¢* xa” =mxn

=a"" =mxn
=log,(mxn)=x+y

= log,(mxn)=log,m+log,n

m
) 1oga(;)=10gam—logan [Quotient Formula]

Proof: Let log, m =x

=a*=m — O
and Let log,n=y

=a’=n — ()
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(M _ a"

i)’ n

|3

=g =

3|3

m

:>10ga( =x—-y

n

= loga(ﬂJ =log, m—log,n
n

(3) log,m=nlog, m (Power Formula)

Proof : Let log, m=x
=a =m
= (axy' —m" (Taking nth power both sides)

=a" =m"
= log, m" =nx
= log, m" =nlog, m

(4) Logarithm of 1 with respect to any base is 0.
Proof': For all values of a

We have ¢ =1, a = 0as 0 is not defined
- log,1=0

(5) Logarithm of any number with respect to the same base is 1.
Proof : We know

a'=a
=log,a=1
(6) If log, x=1log, y then x=y
Proof: Given log, x =log, y

Let log, x=log, y=m

=a"=x —

Indices and Logarithm
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and ¢" =y —(ii)

From (i) and (ii)) x = y

(7) log, m=1log, mxlog,b (Change of base)

log, m
log, b

or log,m=

Proof : Let log, m =x
=a*=m — @)
and let log, m =y
b = — (i)
From (i) and (ii)
a*=b
=b’ =a"
:>b=a2y£
izlogab
y
=x=ylog,b

= log, m =log, xxlog, b

Corollary :
log, axlog,b=1
Proof : From proof (7) we have
log, axlog;, mxlog, b
If m = a then
log, axlog, axlog, b
=1l=log,axlog,b

= log, axlog,b=1
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=log,a= !
& log, b
1
and log, b=
log, a

Worked Out Examples
Example 1 : Express the following in logarithmic form:

O x*=9
Solution: 2 _9

=log,9=2

1V
(ii) (EJ =x

o (1Y"
Solution: (Ej =X

:log%xzé

i) 327 =3

Solution: 3/27 =3

= (27))5 =3
1
(iv) 5* =125

Solution: 5* _125

=logs125=x
Example 2 : Find the value of
(1) logs125
Solution: Let logs125=x

=5 =125

Indices and Logarithm
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=5 =5
=>x=3

o logs125=3

(i) log ﬁ“
Solution: Let log 516=x
:(\/E)Y :16:24 :(\/5)8

=x=8

logﬁ 16 =8
(iii) log 5(.008)

Solution: Let log 5(.008)=x

8
:(\/g)xz.ooszm

=52=5"

=X-3
2

=>x=-06

g 10gﬁ(.008) =—6

1
(iv) log, (EJ

1
Solution: Let 10g4 [Ej =X

:>4le

2
:(22)‘ =27

= 22X — 2—1

161
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=2x=-1

1
Sx=——
2

1o (l __1
R Y

Example 3 : Find the logarithm of
(i) 144 to the base 24/3

Solution: Let log, 5144 =x

:(2%)‘:144
3(\/22x3)x =144
:(JE)Y=144
:(125jx =122
— 122 =122
:>£=2

2
=>x=4

" logzﬁ 144 =4
(ii) 125 to the base 5./5

Solution: log, 5125=x
= (sy5) =125
:(@j =125

(vizs

(12s)

~—
Il

U

25

1
(125)

SIS
Il

U

Indices and Logarithm



Logarithm 163

= X 1
2
=>x=2
logsﬁ 125=2
Example 4 : The logarithm of a number to the base /7 is . What is its logarithm to the base

2427

Solution: Let the number be x

Given log ; x=a
()

According to question, we have to find 10% 2%
Let  log;x=b

=>x= (2\/5 )b

(5] b3

(&) ()

.1 _a
. ngﬁx—g

Example 5 : Find the base of the logarithm of
@i 9is2
Solution: Let the base be x

o log,9=2

=x2=9
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—x?=3%
x=3

(i) 324is4

Solution: Let the base be x
- log,324=4

—x*=324
=t = (V2] =[3v2f
:x=3\/5

10g3ﬁ 324 =4

1
(iii) ﬁ is (— gj
Solution: Let the base be x

1
oo log, NS =——
08x 6

O [—

= (x) s =+5=5
— () e =5
1

Sx=53=—
125

logix/_z——

1
125 6

Example 6 : Evaluate ,log,"

Solution: Let ,loza" _ y

= log, y=log, x a =N
—y=x —log, N=x
. logy _

.a ot =x

Example 7 : If log;,2=0.30103and log,;,3=0.47712 find

Indices and Logarithm
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(1) log;,0.0075

75

ion: log;n0.0075=1o —
Solution: 1080 g10[10000]

=log;( 75— 10g10(104)

= 10g10(3 X 52)—410g1010

=log,, 3+ 210g10(§J —4log,,10

= loglo 3+ 210g10 10— 210g10 2 _410g10 10
= loglo 3-— 210g10 10— 210g10 2
—0.47712-2(0.30103) 2

=0.47712 -0.60206 -2
=0.47712-2.60206
. log;(0.0075 =-2.12494
(i) logg25
Solution: logg 25 =log;, 25 logg 10

=10g1052

log;,8

=2log, 5.——
Zio0 10g1023

=21lo 10 !
8003 J3log,y 2

=2[log;10-log; 2]

1
3(0.30103)

=21- 0.30103];
(0.90309)

1
= 2[0.69897][0 90309}
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139794
0.90309

. logg 25 =1.54795
(8) Prove that

i) log[log;(logs9)=2

Solution:

L.H.S =log, [log@ (log@ 9)J

=log, [logﬁ(logﬁ (\/5)4 ﬂ

=log, [logﬁ (4logﬁ \/E)J

=log, llogﬁ 4J “wlog,a=1

=log, [logﬁ (\/5)4}

~ log 2[10g ﬁ(ﬁﬂ
=log,(4.1)
=log, 2°

=2log, 2

=2

=R.H.S.
(i) log, 10gﬁ log,81=2
Solution:

L.H.S=log; log ; log; 81

=log, logﬁ (10g3 34)

=log, logﬁ(4log3 3)

=log, log 7 4x1 vlog a=1

Indices and Logarithm
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=log, logﬁ (ﬁ)A
=log, 410g\5\/5
=log,(4x1)
=log, 2
=2log, 2
=2x1
=2

=R.H.S.
(9) Simplify:

. b c a

() log—+log—+log—

c a b
Solution:

b c a
log— +log—+log—
c a b

1o (éxﬁxﬁj
gl XXy [ logm +logn = log (mx n)]
=logl
=0 log2+log£+log£=0
c a b

(1) log,bxlog,cxlog,.dxlog,a
Solution:

log, bxlog, cxlog.d xlog, a

Let log,b=p
=a”=p — @)
log, c=¢q
log,g=c — (i)
log.d=r

— =4 — (i)

167
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and log a=s
=>d'=q — 1)
From (iv) a=d’
— (e, from i)
_
_ (bq ys from (ii)

— bql’S

=a = (aP )m from (i)
sopgqrs=1
= log, bxlog, cxlog, dxlog,a=1

16 25 81
iy 7lo —+510 — +3log—
(iii) Mgy +leg +ologey

Solution:
81

16 25
7lo —+510 —+310 —
g 15 g g80

=7[log16 —log15]+ 5[log 25 — log 24] + 3[log 81— log 80]

7[0g2 —log 3><5)]+ 5[10g52 —10g(3>< 2 J+ 3[10g34 —10g(24 XS)]

= 7[410g2—10g3—10g5]+ 5[210g5—10g3—310g2] +3[410g3—410g2—10g5]
=28log2—"7log3—7log5+10log5—5log3—15log2 +12log3—-12log2 —3log5
=(28-15-12)log2+(12-7-5)log3+(10-7-3)log5
=(28-27)log2+(12-12)log3+ (10-10)log5

=log2+0log3+0log5

=log2+0+0
=log2

16 25 81
. 7Tlog—+5log— +3log— =1log?2
ng g24 gSO 8

10. Prove that

() 2loga+2loga®+2loga’ +...+2loga” =n(n+1)loga
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Solution:

L.H.S =2loga+2loga® +2loga’ +....+ 2loga
=2[loga+loga2 +loga’ +....+loga”]
=2[10ga+210ga+310ga+....+nloga]

v logm" =nlogm
=2[1+2+3+...+n]loga

_p et
=n(n+1)loga
=R.H.S.
1 1 1 1
(ii) + + + =1
log, abcd log, abcd log.abcd log, abcd

Solution:
1 1 1 1
LHS = + + +
log, abcd log, abcd log.abcd log, abcd
=l0g,.a+10g,. D +10g i +108,c0d
=log .. (axbxcxd)
=log, . abcc +log a=1
=1=R.H.S.
log, x
—=1+log, b
(i) log,, x Sa
Solution:
log, x
LHS=7
08yp X
=log,, x(log, ab)
=log, x(logx a+log, b)

=log, xlog, a +log, xlog, b
=1+log, b
=R.H.S.
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. 11 | 2x  x? —1oal 1 X
(IV) Eog +7+7 =10¢g +;

Solution:

—llo 1+§+£
2 2
=llog y 4+ 2xy+x
2 y2
2
:llog(eryJ
2 y
zzlog(ﬂ_yJ
2 y
=10g[1+£j
y
=R.H.S.
1. If logx+y=l(logx+log2)
2 2
X )y
Prove that —+— =2
y X
Solution:

Given log™ er Y~ %(logx +log2)

x+y 1
=lo =—logx
g 5 5 gxy

= log i er Y =log(xy)%

X4y _ (V4
> = ()

Squaring both sides

=

Indices and Logarithm
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x+y 2
=X
( 2 j Y

= x? +2xp+y? =4xy

= x? +y2 =2xy

x+yr
Xy

= 2

ENCANR A
y X
Hence proved.

loga logh logc

12. |If b—c o—a a—b show that abc = 1
Solution:
, loga logh logc
Given = =

b—-c c¢c—a a-b

loga logh logc

Let k
© b—-c c¢c—a a-b
loga:k
b-c

=loga=k(b—-c) —()
Similarly logh=k(c—a) —(ii)
loge =k(a—b) — (iii)
Adding (i), (i1) & (iii)
loga +logb+logc=k(a—c+c—a+a->)

= logabc =k.0
= logabc =log1
= abc =1

Hence proved.

(13) If 42 4 2 = 2
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1 1

logb+ca

=2

show that + a
10g c-b
1 1

Solution: L.H.S = +
olution 10gb+ca logc—ba

=log,(b+c)+log, (c—b)
=log,(b+c)+log,[-1(b-¢)]
=log,(b+c)+log,(-1)+log,(b—c)
=log,(b+c)—0+log, (b—c)
=log,(b+c)(b—-c)

=10ga(b2 —cz)

=log, a*

=2log,a

=2

1 1
+

10gb+ca 10gc—ba

=2 Hence proved.

(14) If log, m=n show that 108 (m)=—7
Solution: Given log, m=n
=a" =m

1
= —=—
a m

&)=
=>|—| =—
a m
:nzlogl(i)
:nzlogl(l)—logl(m)

=n=0-log, (m)

a
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:>logl(m)=—n

a

Hence proved.

(15) If 4% 4+ p% =14ab
11 1
Prove that 10gz[z(a + b)} = 5(10g+ logb)

Solution: Given ;2 | 52 —144b

= a® +b? +2ab =14ab + 2ab [adding 2ab both sides]
= (a+b)* =16ab
Taking logarithm both sides
log(a +b)* =log16ab
= 2log(a+b)= 10g(42ab)= 10g42 +loga+logh
= 2log(a+b)—-2logd=loga+logh
= 2[log(a +b)— log4]= loga+logh

= log(aZbJ =% [loga +logb]

Hence proved.

(16) If g =p? =¢* and p2 —4¢

2xz
Show that ¥ = s by using logarithmic method.
xX+z

Solution: Given ;¥ —pV — =
Let ¥ —pY =¢? =k
a* =k
= loga” =logk
= xloga =logk
logk

=loga=—"~ —(i)
X

log
Similarly, 1080 = -, ()

173
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logk
and loge === _iii)
z
Alsogiven p2_ 4
Taking logarithm both sides we have
log b? = logac
= 2logb =loga+logc
2 logk logk

= ;logk == + . [From(i), (ii) & (iii)]

:>210gk =(l+ljlogk
y X z

2 z+x

y Xz

2xz

=>y=
X+z

Hence proved.

2(1
(17) If 10g10 2 = x show that logg 25:5(;_2)

Solution:
L.H.S =logg25
=logg 57
=2logg5

= 2[log; 5x logg 10]

2 ) log,8

3log;, 2
1
20 (1— —
[( x>x3x}

Indices and Logarithm
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2|1
. logg® =§{;—1} Hence proved.

(18) Solve log . (8x—3)—log, 4 =2

Solution:
log, (8x—3)—log, 4=2

:logx(gx;3j=2

2_8)(?—3
4

=X

= 4x* =8x -3

= 4x? —8x+3=0

= 4x? —6x—-2x+3=0
=2x(2x-3)-(2x-3)=0

= 2x-3)2x-1)=0
Either 2x—3=0 or 2x—-1=0

3 1
Sx== =x=—

2 2
23 1
T

(19) Show that the value of log,

Solution: Since (3 < 2!0

= log10® <log2'® (Taking logarithm)

= 3logl0<10 log2

:>i<102 i

105708 — (1)
Also 213 0%

= log 2B« log 104
=13 log2 <4logl0

2 lies between — and —

175
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1
= T310g2 <4

4
=log2<— (i
ge<yz — )

From (i) and (ii)

Hence proved.

Exercise

(1) Determine the value of each of the following logarithms

1
(i) logg27 (i) log¥/100 (iii) logs 625 (iv) log, N
(v) log,(-8)  (vi) log(0.001) (vi) logg 5125 (viii) log, 51728
Answers :

(1) % (i1) % (i) 4 (iv) —4 (v) —4 (vi) 3 (vii) 2 (viii) 6
(2) Determine the base if
(i) log324=4 (i) log9=2 (ii)) log400=4 (iv) log0.001=-3
Answers :
() 342 (i) 3 (i) 295 (iv) 10
(3) (1) Prove that log(l1+2+3)=1logl+log2+log3
(i) If, @, b, c are three consecutive integers, prove that log(l+ ac)=2logb
(i) If log, b =10, loge,(32b)=5 [Ans:a=3
Find the value of @ and b b = 319]
(@iv) If log;(8.75=10.9406

Find the value of log;, 875 [Ans: 2.9406]
(v) Find the value of
log~/27 +1log8 — log /1000 3
[Ans: <]

log1.2 2
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4

)

(vi) Find the value of

log4[10g2ﬁ (logﬁ 64)J

(vii) Evaluate :
log, log; log, 512
(viii) If log2 =0.30103, find the value of 10g0.005
(ix) If p=Ilog,,a, q=1log;,2a, r=1log,,3a
Show that pgr =2gr—1
(x) If log,3=10, logg, 96 =5, find the value of a

Prove that

16 25 81
) log2+16log—+12 log— +7log—=1
@ og s 854 %%y

11 490 7
i) loge—+log———2log—=1og?2
(i) g15 g297 g9 g

16 25 81
i) 16log— +12log— + 7log— =1log5
(i) g15 g24 g80 g

10 25 81
iv) 7log— —2log— +3log— =1log?2
(@iv) g9 g24 g80 g

(i) If x? +y2 =6xy
Prove that 2log(x + y)=logx+logy+3log2
() If x° +y2 =23xy

+b 1
Prove that log a s = 5 (loga +1logb)

i) If 42 + p? =14ab
1

1
lo a—-b)|=—log2+loga+logh
Prove that g[ﬁ( )} 2( g g gb)

(v) If 42 + 4b% =12ab

1 1
Prove that Z(a +2b)= 5 (loga +1logb)

177
oo L
[Ans: 2]

[Ans: 1]
[Ans: 4.69897]

[Ans: 3]



178 Indices and Logarithm
™) If 4%+ p* =7ab

1 1
Prove that 1og {5(0 + b)} = E(IOga +logbh)

loga logh logc
6) If = =
© b-c c—a a-b
Show that ,apb.c 1

(7) () If x=1+log,bc, y=1+log,ca, z=1+log, ab

Prove that xyz=xy+ yz+ zx
(ll) If a3—x be — ax+5 b3x
b
Show that xlog —]= loga

a+b

1
(iii) If log[ 3 )=5 (loga + logh)

a b
Prove that —+—=7
b a

(iv) If 2logg N = p,log,(2N)=¢q and g—p=4
find the value of N
W) If g =p¥ =¢*
1 1 1
Prove that 108, (bcd)=x [_ t—+ _J
y oz w
(vi) Prove that
log,(ab) +log; (ab) =log,(ab)log, (ab)
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Antilogarithm

Common Logarithms :

Logarithms calculated with respect to base 10 is called common logarithm. It is denoted by
log,," . Sometimes it is also written as log x.

Characteristics and Mantissa :
Logarithms of a number consists of two parts — one integral part which is called characteristics
and the other decimal part which is called mantissa.
For example :
Forlog 24.68
24 is the integral part and 68 is the decimal part. The integral part may be zero, positive or
negative. The decimal part is less than one and is always positive.
There are two rules for determining characteristics.
(1) Logarithms of Positive Numbers greater than or equal to 1 i.e. N >1

Then characteristics of log N is positive and is one less than the number of digits in the
integral part of N.

Example : N Characteristics of log N
7821 @4-1=3
654 B3-1)=2
5.23 1-1)=0
86 2-H=1
60.33 2-1H=1
Now,
Characteristic of log 7821 — Number of digits in integral - 1
—>4-1=3

(2) Logarithms of Positive Number N < 1.

The characteristics of log N is negative and is numerically one greater than the number of
zeroes immediately after the decimal point N.

Example : N Characteristics of log N
0.0248 —(1+)=-2=7>
0.6234 -(0+t)=-1=7
0.0068 -(@2th)=-3=3
0.04560 -(1+)=-2=7>
Now,
Characteristic of log 0.0248 = — (number of zeros after the decimal point and before a

significant number + 1)
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=—(1+1
=-2
= 9 [-21s written as 7 ]

Determination of Mantissa:

The mantissa of the common logarithm of a number can be determined from a table called
Logarithm table. In the table two digit figures ranging from 10 to 99 appears at the extreme left
hand column. At the top most row contains the figures from 0 to 9. Below each of the one digit
figure we observe nubers containing four digits which are termed as mantissa. Each mantissa
having a decimal point preceeding it are being dropped. This forms the main part of the body. At
the extreme right of the log table, there is a side table containing 9 columns ranging from 1, 2, ...,
9 which is called Mean-Difference table.

Calculation of Mantissa by using log table
Let us suppose we want to find mantissa for 6.738.
(1) First we ignore the decimal point of the given number.
(2) We search for the first two digits (i.e. 67) in the extreme left hand column of the log table.

(3) Then we see horizontally to the right to the column headed by 3 of the top-most row which
given 8280.

(4) For the fourth digit 8 we look at the mean-difference table and locate the number headed
by 8 and move on the same horizontal line of 67. The figure is 5.

(5) Thenlog 6738 has mantissa .8280

+5
0.8285
Thus log 6.738 = Characteristic + Mantissa
=0+0.8285
= 0.8285
and .8285 is the mantissa.

Antilogarithm
If the logarithm of a number m (positive) is n then m is called antilog of # and is written as
antilogn i.e. logm =n
= m = Antilogn
Example : log21.43=1.3310
= 21.43 = Antilog1.3310

Calculation of Antilog

In order to calculate antilog of a number we have to take help of antilogarithm table whose
arrangement is similar to that of the table of logarithms.

Suppose logn=2.6451
. n=Antilog 2.6451
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Here the characteristic of log # is 2 and mantissa is 0.6451. Now we are to find .64 from the
first column of the antilog table. On the right of .64 and in the column headed by 5 we find that
the number is 4406. The mean difference for the last digit 1 along the row .64 is 1. Now adding
we get the number as 4406 + 1 = 4407. Thus against the mantissa .6451 we get 4407. The
characteristics of 2.6451 is 2. The number whose logarithm is 2.6451 should have 3 (2 + 1)
digits in the integral part.

. Antilog2.6451 =440.7
Similarly, Antilog 1.6451 =44.07
Antilog 0.6451 =4.407
Antilog of a negative number

The mantissa of a logarithm is always positive. The following procedure is followed to make a
negative number as positive.

Antilog (- 1.6781) =Antilog (—1-.6781)
= Antilog (-2 +2 - 1.6781)
= Antilog (-2 +.3219)

= Antilog (2.3219)

The mantissa is 0.3219. The entry in the row corresponding .32 under the digit 1 is 2094. The
mean difference in the same row under 9 is 4. Thus adding we get 2094 + 4 = 2098.

Since characteristics is 7, so antilot (— 1.6781) = antilog (5.3219)
=0.02098

Worked Out Examples
(1) Evaluate :
(i) Antilog2.6124

Solution: The mantissa is .6124. From the antilog table, the entry in the row corresponding to
.61 under the digit 2 is 4093. The mean difference for the last digit 4 corresponding to .61 is 4.
Adding we get 4093 + 4 =4097. Also the characteristic is 2 so we should have 3 (2 + 1) digits
in the integral part.

-, Antilog2.6124=409.7
(i) Antilog (.3666)

Solution: The mantissa is .3666. From the antilog table we search for .36 in the extreme left
hand column and see horizontally to the column headed by 6 and find that the figure is 2323.
The mean difference in the same row under 6 is 3. Thus adding we get 2323 + 3 =2326. Since

characteristic is 7 so

Antilog (T .3666)=0.2326
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(2) Simplify:

()  2.6348+3.8061—4.7432
Solution:

2.6348+3.8061—4.7432
=_2+.6348 +3.8061 — (- 4 + .7432)
=—2+.6348 +3.8061 + (— 4 — .7432)
= (6248 +3.8061 + 4) — (2.7432)
=8.4409 —2.7432
=5.6977

(i) 3.625x4
Solution:
3.625x4
=(-3+.625)x4
=-12+2.500
=-12+2+.500
=-10+.500

=10.500

(i) 14.3224 +3
Solution: First we raise the negative number so that it is divisible by 3.

Now 14.3224+3 = (15+1.3224)+3

=5+0.4408

=5.4408
(3) Evaluate using logarithm table.
(i) 1771x0.687
Solution:

Let x=1771x0.687
Taking log both sides, we have

logx =1og(1771x0.687)
=log(1771) +10g(0.687)

=3.2482 + 1.8370
=3+.2482-1+.8370
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=3.2482 +.8370 -1
=4.0852 -1
- logx =3.0852
x = Antilog(3.0852)
sox=1217
(33.0)(27.2)
@ 15.8
Solution:
_(33.0)(27.2)
© 158
Taking log both sides

Let x

log.x= 15.8

oy 33:0(27.2)

183

[Characteristic is 3 so putting decimal point after 4 (3+1)

digits of the value]

=1og[(33.0)(27.2)]- log (15.8)
=1og(33.0)+log(27.2) —log(15.8)
=1.5185+1.4346-1.1987

=1.7544
~. x = Antilog (1.7544)

=5.680x10
=56.80

(iii) (35.28)

Solution: Let x = (35 '28)%
Taking log both sides

logx=log (35.28)7

=%log(35.28)

1
=—(1.5475
- )

logx=0.2211

.. x = Antilog (0.2211)

x=1.663

[Characteristic is 1 so we put decimal point
after 2 (1+1) digits of the value]

[Characteristic is 0, so we put decimal point after 1 (0+1)
digit of the value]

=5.68
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1

: 7/
(V) 0.8176x13.64

Solution:

1
V08176 x13.64

Taking log both sides

1 7
1 = 10 N,
o8 g(0.8176x13.64]

:%[Iogl—10g(0.8176><13.64)]
=%[0—log(0.8176)—10g(13-64)]
:%[—T.9125—1.1348]
:%[—(—1+.9125)—1.1348]
L [+1-09125-1-0.1348]
7
!
— 1[-1.0473
= ]
~-0.1496
——1+1-0.1496
=1.8504
. x=Antilog (T .8504)
. x=0.7086

(4) Iflog2=0.3010,1o0g3=0.4771 and log 7=0.8451
Find (i) log21 (ii) log 0.6 (iii) log (.014)
Solution:
(i) log2l =log(3x7)
=log3+log7
=0.4771+0.8451

Antilogarithm
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- log21=1.3222
(i) log0.6= logi
10

=log6—1logl0
=log(2x3)-1
=log2+log3-1
=0.3010+0.4771-1
=0.7781-1

=-0.2219
=-1+1-0.2219

. log(0.6)=1.7781

o[ 14
(i) log(.014) =log 1000

= 10gl4—10g103
=log(2x7)—-3logl0
=log2+log7-3
=0.3010+0.8451-3
=1.1461-3

=-1.8539
=-2+2-1.8539

=2+0.1461
- log(0.014)=2.1461

(5) Find the number of digits in 720

Solution: Let , —720
Taking log both sides

logx = 10g720
=20log7
=20x0.8451

- logx =16.9020

Characteristics is 16
We know when n > 1 then

185
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Characteristics = number of digits —1
=16 =n-1
=>n =17
. Number of digits in 720 is 17.
(6) Find the number of zeros between the decimal and first significant figure of (0.04)°
Solution :
Let x =(0.04)°
Taking log both sides we have
log x =1og(0.04)°
=9 log (0.04)

4
=9log| —
g(lOOj

=9 [log4—10g100]
=9 [log2? - log10?
=9 [2log2 -2 log10]
=18 [log2 —log10]
=18[0.3010-1]
=18 [-0.699]

=-12.582
=-13+13-12.582

- logx=13.0418

Characteristics is 13
We know when n < 1 then

Characteristics = Number of zeros + 1

= Char. =n+1
= n = Char. -1
= n =13-1=12

. Number of zeros between the decimal and first significant figure of (0,04)9 s 12.

7. Solve the equation using logarithm table

0 37 =450



Antilogarithm 187
Solution :

31 _ 4 gl-3x
Taking log both sides
log (3"_1): log (4.51_3x)
= (x—1log3=1log4+1log5"'™
= xlog3—log3=1log4+(1-3x)log5
= xlog3—log3=1log4+log5—3xlog5
= xlog3+3xlog5=1log3+log5+log4
= x[log3 +3log5]=1log(3x 5% 4)
= x[10g3 + 10g53]= log 60
= x[log3 + 10g125]= log 60
= x[log(3x125)] =1log60

= x log375 =1log60
_ log60
=X log375
_1.7782
= 2.5740
X =0.6910

(11) 63—4x'4x+5 — 8
Solution : ¢3-4x 4x+5 _g

Taking log both sides, we have
log (6374)‘.4)“r5 )z log8

= log6>* +1log4™™ =log2?
= (3-4x)logb6+(x+5)log4 =3log2
= (3—4x)(0.7782) + (x +5)(0.6021) =3(0.3010)

= 2.3346-3.1128x+0.6021x +3.0105=0.9030
= 5.3451-2.5107x =0.9030

= -2.5107x =0.9030-5.3450

= -2.5107x =-4.4419
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4.4419
= X =
2.5107
X =1.77

Method of Interpolation

The method of Interpolation is based on the Principle of Proportional parts which states
that for a small change in numbers, the corresponding change in their logarithms are proportional
to the change in the numbers.

Given log34.938=1.5432980 and log 34.939 = 1.5433105 find by interpolation log 349.387.

Solution: First we find the value of log 34.9387. The number 34.9387 lies between 34.938 and
34.939.

Given log 34.939=1.5433105
log 34.938 =1.5432980
Difference in logarithmic
value =.0000125
Difference between the number .001
and difference between 34.9387 and 34.938 is .0007

Difference between numbers Difference in log value
.001 .0000125
.0007 X

- x=.0000125 XM
: ’ .001
x =.00000875
. log34.938 =1.5432980
.0007 =.00000875
log 34.9387 = 1.54330675
Hence log 349.387 = 2.54330675
(i) Find N whose logN =2.92479
Solution: Given log N =2.92479
= N = Antilog 2.92479

Ignoring characteristic, Antilog 924 =8395

Adding mean difference for 7= 14
Adding mean difference for 9= 117
Antilog 92479 = 8411
Now the characteristics 2 indicates that the number must have 3 integral places, hence
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N=Antilog 2.92479=841.1

(i) Find N where log N = 1.63345

Solution: Given log N = 1.63345
= N=Antilog 1.63345
Ignoring characteristic, Antilog 633 =4295

Adding mean difference for 4= 4
Adding mean difference for 5= 5
-, Antilog 63345 =4304

Now the characteristic ] indicates that there are no zeros after the decimal point

- N=Antilog 1.63345=0.4304

Exercise
(1) Find the characteristics of the following :

(1) log3486.4 Ans: 3
(i) log40.32 Ans: 1
(iii) log0.11 Ans: 1
(iv) 1og0.076 Ans: 2
(v) log6.1 Ans: 0
(vi) log0.0091 Ans: 3
(2) Find the logarithmic value of
(i) 6241 Ans: 3.7953
(i) 0.8861 Ans: 1.9474
(i) 3.2540 Ans: 0.5124
(iv) 0.0032 Ans: 3 5051
(3) Find Antilog of the following numbers :
(i) 13248 Ans:21.13
@) 0.1261 Ans: 1.334
(i) 1.0583 Ans: 0.1144
(iv) —2.8254 Ans: 0.001495

(4) IfAntilog 1.3621=23.02. Find Antilog of the following numbers.
(1 23621 Ans: 230.2



A9filogarithm Indices and Logarithm

(i) 0.3621 Ans: 2.302
(i) 1.3621 Ans: 0.2302
iv) 2.3621 Ans: 0.02302

(5) Find the values of the following using tables:
(33.0)(27.2)

(1) T ss Ans : 56.80
. 24.395%(3.16)°
Ans: 87.6
(1) 279 ns
og (7.2)’ x(0.016)"
(iii) (6J15 Ans: —5.7997
5
(6) Find the number of digits in the following numbers.
@) 3 Ans: 10
(i) 415 Ans: 10
(i) 720 Ans: 17
(iv) 525 Ans: 18
(7) Find the number of zeros between the decimal point and the first significant number.
M (124)"° Ans: 16
(i) (0.0013)% Ans: 57

1 100
(iir) (EJ Ans: 107
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UNIT -1V
QUADRATIC EQUATION AND LINEAR SIMULTANEOUS EQUATIONS

4.1. Introduction : An algebraic equation is a mathematical statement in which two expression
are equal to each other. If the equality is true for all values of the unknown quantities, the
equation becomes an identity, some example of identities are

(x+2)(x-2)=x>—-4

(x+b)> =x? +2xb+b*

3

(x—a)’ =x* =3x%a+3xa* - a° etc.

If both sides of an equality are equal only for certain values of the unknown quantities,
then equality is called an equation. For example 2x + 3 = 15 is true only for x = 6. The letters of
alphabet x, y, z etc. are generally used for unknown quantities, but a, b, c etc. are used for
constant numbers or known values. Here 2x + 3 = 15 is called a linear equation of one unknown.

x+3
Its solution, i.e. the root of the equation is 6. Similarly x +5=10,3x+ 1 =0, N =4 are the

examples of linear equation. The standard form of linear equation is ax + 5 =0 (where a # 0) .
An equation of the form ax + by + ¢ = 0, where q, b, ¢ are real numbers, where a and b are not
both zero is called a linear equation of two unknowns x and y. For an example 2x+3y+5=0

X
is a linear equation with respect to the variable x and y. Similarly g*l'%: 1, 5x +%= 6,

X
B +15y=9, y=4x+7 etc. are all linear equation of two variables x and y. We have seen that

every linear equation in one unknown or one variable has a unique solution. In case of linear
equation involving two variable, a solution means a pair of values, one value for x and one value

for y, which satisfy the given equation. Let us consider the equation 3x+2y =24. Herex=4

and y = 6 is a solution of the equation. If we put x =4 and y = 6 in the left side of the equation
we get 24. This solution can be written as an order pair (4, 6), the 1st one value for x and 2nd
one is for y. Similarly (0, 12), (8, 0), (2, 9) etc. are also the solution of the above equation. If we

put x = 1 in the equation 3x+ 2y =24, then it becomes 3.1 + 2y = 24, on solving this we get

21 21
y= B therefore (L;J is a solution of the equation. In this way we can find many solution

of the above equation. That is, a linear equation in two variable has infinitely many solution.

Example 1 : Write the equation 2 = 7x + 3y in the form of ax+by+c=0
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Solution: 2 =7x+3y can be written as
Tx+3y-2=0
Herea=7,b=3,andc=-2
which is in the form of ax +by +c¢=0.
Example 2 : Find two solution of the equation 3x+4y =12

Solution: 3x+4y=12
Taking x =0, we get 4y =12 or y = 3.
So (0, 3) is a solution of the given equation.

9
Similarly, takingx =1, we get3 +4y=12ord4y=9ory =7

9
So (LZ) is a solution of the given equation.

Exercise 4.1
1. Which of the following is not a linear equation?
(1) 2x=x+a (1) yz+y+1=y2 (1i1) (x—1)2=4
V) (x+a)’=(a+b)’ (V) Jx+4=x

2. Write the following equation in the form of ax+ by +¢=0

i) x=1 (i) y+4=3 Giy S+5=7
3. Findtwo solution for each of the following :

@H x+y=10 @i 2x+3y=5 @) x+3y=5

. Xy .

(iv) y=4x+3 (v) 5+§=1 (vi) y=3x

4.2. Simultaneous linear equation : A pair of linear equation in two unknowns x and y form
a simultaneous linear equation as follows

ax+by+c =0
and a)x+b,y+c, =0

where a;,by,¢1,a,,b,,c, are all real numbers and 47 + b? # 0, a3 +b3 #0. There are three

algebraic methods for the solution of such equation as
(i) Method of substitution
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(i) Method of elimination
(i) Method of cross-multiplication

4.2.1 Method of substitution : To solve the simultaneous equation of x and y, find the value of
one variable, say y in terms of x, from any one equations (whichever is convenient). Now
substitute the value of y in the other equation, then the equation become one variable i.e. in
terms of x, which can be solved. After getting value of x, substitute the value of x in any one
equation, then we get the value of y.

Example 3 : Solve the equations by method of substitution
2x+3y=9 —» (1)
3x+y=10 > (2)
Solution: We express y in terms of x, as it is convenient from equation (2)
3x+y=10
or y=10-3x — (3)
Now substitute the value of y in equation (1)
we get 2x+3(10-3x)=9
or 2x+30-9x=9
or —7x=9-30

=21
or x=_—7=3
Now put the value of x = 3 in equation (3)
we get y=10-3.3
=10-9=1

Therefore the solutionisx=3;y=1
Application of linear simultaneous equation in two variables.

Example 4 : Two numbers are in the ratio 2 : 5. When 6 is added to both the numbers their
ratio becomes 5 : 8. Find the numbers.
Solution: Let the two numbers be x and y

x 2
According to the given condition ; = 5 or Sx= 2y - (1)

Now from 2nd condition of the problem, we get

x+6 5
)6 s > O

or 8(x+6)=5(y+6)
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or 8x+48=5y+30

or 8x—-5y=-18
Now substitute the value of y from equation (1) we get

= S5x=2y
8x—5[5—x)=—18 y:5_x
2 2
16x—25x
——=-18
or 5
or —9x=-36
-36
x=——=4
or 9

5 5
Therefore y=5><x=5x4=10

The required numbers are 4 and 10.
Exercise 4.2

1. Solve the pair of linear equations by method of substitution.

i x+y=5 @i) 2x+5y=25
x—y=1 x+4y=17
Lo Xy 14 XY
W 37575 ™37
X
2x+3y=3 Z+y:4

2. (1) Two numbers are in the ratio 1 : 2, when 5 is added to both the numbers, their ratio
becomes 1 : 3. Find the numbers.

(i) The sum of the two digit number is 11. If the digit are interchange the number is
increased by 63. Find the number.

(iii) The present age of a mother is four times that of his son. 5 years ago, the mother's
age was seven times the son's age. Find their present age.

4.2.2Method of elimination : To solve the simultaneous equation, first multiply both the
equation by some non-zero number to make the coefficient of one variable numerically equal.
Now add or subtract one equation from other, so that one variable get eliminated. Then solve
the equation of one variable. Now substitute the value in the given equation. Then we get the
solution of the equation.
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Example 5 : Solve the equations by method of elimination

3x+4y=8 = (1)
2x+3y=5 > (2)

Solution: To solve the simultaneous equation (1) and (2), first we multiply equation (1) by 2
and equation (2) by 3 to make the coefficient of x equal. Then we get the equation as

6x+8y=16 —» (3)
6x+9y=15 - (4)
Now subtracting equation (4) from equation (3) we get
(6x+8y)—(6x+9y)=16-15
or (bx—6x)+(8y—-9y)=1

or -y=1
or y=-1
Now, put the value of y in equation (1) we get
3x+4(-D)=8
or 3x—4=8
or 3x=8+4=12
12
x=—=4
or 3

The required solution x =4, y=-1.
4.2.3Method of cross-multiplication : To solve the pair of equation by method of cross-
multiplication, first, we consider the simultaneous equation as

ax+by+c=0 — (1)
ar)x+byy+c, =0 — (2)
Step 1: Multiply equation (1) by a, and equation (2) by a, we get
aa;x +arbyy+ac;=0 — (3)
ajarx+ab,y+aic, =0 — (4)
Step 2 : Subtracting equation (4) from equation (3) we get
(arayx —ayarx)+(ayby — aibyy)+ aze; —ayc, =0

or (azbl —ayb, )y =a1C) — a0

ayc, —a,c
y =% " 54 _
or b, —arh, Provided a,b; —a;b, # 0
a6 416
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Step 3 : Subtracting this value of y in equation (1) we get

b.c, —b,c
y =216~
aiby —ayb

Now, combining the value of x and y we can express the relation as

X B y B 1

bicy —byey  clay —ca; b, —ayb

The following diagram may be helpful to use the method.

bl ¢ a bi

bz ¢, a, bz

Because of above cross-multiplication, it is called method of cross-multiplication.
Now two cases arise

a b
Case1:1If ab, —ayby #0o0r " - * . then the pair of linear equation has unique solution.
2 @

ay b

1
Case2:If @by —ayby =0or " =7 "= K then a, = ka,, b, = kb,. Now, putting the value
2 Dy
of a,and b, in equation (1), we get
k(ayx+byy)+¢; =0 — (5)
If ¢; = kc,, then solution of equation (5) as well as equation (2) will satisfy equation (1).

4 _bh_¢q

- If 2 b = o =k, then there are infinitely many solution to the pair of equation (1)
2 b &

and (2). Butif ¢, # kc, then any solution of equation (1) will not satisfy the equation (2), so the
pair has no solution.
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Table for nature of solution :

Ratio of coefficient Nature of equation Nature of solution
a; bl . . .
—F b Consistent Unique solution
a b

q _ bl _ 4] . . .
T T Consistent Infinite solution

a b o

a _b ¢ . .

— o Inconsistent No solution

a b o

Example 6 : Solve the equations by method of cross-multiplication
3x+8y=5
2x+4y=3
Solution: The given equation are
3x+8y-5=0
2x+4y-3=0

a; 3 bl _ ap bl

8
— ==, —=—, 5. —F—
Here @ 2 and by, 4 a, b,
". The system has unique solution and is consistent.
Now applying cross-multiplication method for equation (1) and (2) we get
X _ y _ 1
8.(3)-(-54 (-52-(-3)3 34-82

X _ y _ 1
o To4420 —1049 12-16
x_y_ 1
R R
1
x=1, y=—
or y 4

1
*. Therequired solution is [1, Z)
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Example 7 : Solve the following simultaneous equations

2x+y=3
4x+2y=06

Solution: The given equations are
2x+y-3=0 — (1)
4x+2y-6=0 — (2)

@ 21 b 1o -3

1
Here ' "4 2 b, 2°¢, -6 2

al_ﬁ_cl 1

ince ” -7 - =
Since a, b,

CH 2

". The system of equation has infinite solutions.

4x+2y-6 0
Here equation (2)+2:>&=_
2 2

=2x+y-3=0

which is same as equation (1)
. Any solution of equation (1) satisfied the equation (2)

Some solution of the pair of equation is

x=0| x=1 x=2| x=3
y=3’ yzl’ y=1 > y=-3 and so on.

Example 8 : If possible solve the following pair of equations
2x+y=3
4x+2y="7
Solution: The given equations are
2x+y-3=0 — (1)
4x+2y-7=0 — (2)

a by ¢

which indicate that, system of equation has no solution.
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Example 9 : The sum of the digits of a two digit number is 9. If the digits are interchanged, the
number is increased by 27. Find the number.
Solution: Let the unit place of the digit be x and the ten's place be y.

The number is 10y + x

According to the first condition
x+ty=9 - (1)

According to the second condition
10x+y)—(A0y+x)=27 — (2)

or 9x-9y=27

or 9Y(x-y)=27

27
or x—y=?=3 - (3)
Now adding equation (1) and (3) we get
2x =12
x= 2 =6
2

Sy=10-x=10-6=3.
The required number is 36.
Exercise 4.3

1. Solve by elimination method and cross-multiplication method.

H 3x+y=I11 (i) S5x-6y=8 @) 3x+8y=1
2x+3y=12 4x-3y=7 4x+T7y=-6
2x+3y=8 4 3
. x )y W L2
(iv) Z+§:1 ™M 6xr7y=18 (vi) x+y—5
SR gJrl:9
2 8 Xy

2. Ifpossible solve the following simultaneous equations.

1H 2x+y=2 i@ 3x+2y=7
6x+3y=06 Ix+6y=25
(i) x+4y=17 iv) x+2y=3

2x+8y =34 2x+4y=16
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(1)

(iii)
(iv)

™)

Quadratic equation and linear simultaneous equations
The sum of the digits of a two digit number is 9. If the digits are interchanged, the
number increased by \45. Find the number.
A man wanted to purchase 6 chair and 6 tables from a market. But for this he was
short of Rs. 800. He then decided to purchase 6 chair and 4 tables with Rs. 5800
which he had with him at that time. Find the cost of one chair and one table.
The monthly salary of two persons are in the ratio 3 : 5. If each receives an increase
of Rs. 200 in the monthly salary the ratio become 13 : 21. Find their salaries.
Jadu and Madhu together can do a piece of work in 12 days. They work together for
5 days. When Jadu leaves and Madhu finished the work in 12 days more. In how
many days can Jadu alone finish the piece of work?
A man and a woman can together do a piece of work in 15 days in which 7 men and
9 women can together do in 2 days. In how many days can one man do the work?

Quadratic Equation and its Application

A quadratic equation is of the form ;y2 ; px 4 x = Where a, b, ¢ are real numbers

(a#0) in the variable x. For example 2x? —4x+5=0, 3x> +8x—7=0, and x2 _1=( etc.

are quadratic equation.

ax2+bx+c:0(a¢0)—> (1

is called the standard form of quadratic equation. If b = 0 in equation (1) is called a pure
quadratic. If 5 # ¢ in equation (1) is called adfected or mixed quadratic equation.

4.3 Solution of pure quadratic equation : All pure quadratic equation are reducible to the

form ,2 _ 7 — (where d = constant).

The equation X2 —-d=0

or x?=d

or x:i\/z

Example 1 : Solve (i) 2 _2— (i) 2x%>-18=0

Solution: (i) 2_2=0

or x?=2
OF x=x+42
() 2x*-18=0
or 2x? =18
, 18

x*=—=9
or >
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L X=#43J9 =43
4.4 Solution of adfected or mixed quadratic equation :
There are two method for solving mixed quadratic equations.
(a) Solution by factorization method
(b) Solution by completing the square
(a) Solution by factorization method : If the left-hand side of the equation

axl+bx+c=0 (a # 0) can be readily factorized into two linear factors it becomes very easy

to solve the equation. We know that if the product of any two expression is zero, atleast one of
them must be zero. If P.Q = 0, then either P =0 or Q = 0, or P and Q both zero.
The method will be illustrated with the help of an example.

Example 2 : Solve 72,2 _5,4+2=0
Solution: 7,2 _5,y497-0
Or 2x* —4x—x+2=0
or 2x(x—-2)-1(x-2)=0
or (x-2)(2x-1)=0
Now (x—2)(2x-1)=0
This is true if
either x—2=0or 2x-1=0
From x—2=0 or x=2

1
and from 2x—1=0o0r 2x=1 or x=5

1
Here x=2, 3 satisfies the original equation.

1
Hence the roots are x =2, )

(b) Solution by completing the square : It is observed that, in certain equations it is not

easy to express the expression ax? + bx + ¢ (a # 0) as the product of two linear factors. Such

type of equation or say any quadratic equation can be solved by the method of completing
square.

Example 3 : Solve by completing the square method 2 4 4, +1=0

Solution: 2 1 4, 4+1=0

or x244x=-1
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or x2 422x+2%=-142°
or (x+2) =3
or x+2=143
or x=-2+43
The roots are —2+\/§, —2-43
Let us solve the quadratic equation gx2 + px + ¢ = 0 (a # 0) by the method of completing square.
ax* +bx+c=0 —> (1)

or gy’ +bx=—c

b
or X +;x=—— ('.'a:tO)

b (bY (bY b Y
or X2 4+2.x—+ (_ = (_ _ £ |adding (—j tobothside
2a 2a 2a a 2a

b 2 b% —4ac
or (x+—j _ b7 —dac

2a 4q°
2
b, [Pt
2a 4a’
2
or xz—ii b” —4ac
2a 2a
—b++b* —4ac
or x= - ()
2a
—b+Vb* —dac —b-b*-4ac

The roots are

B

2a 2a

The relationship shown above in equation (2) is called the formula for solving the quadratic
equation or quadratic formula.

Alternatively : Multiply theequation ;2 1 px + ¢ = 0 by 4a and transpose 4ac, then

4a’x? +dabx = —4ac
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Of  44°x? +4abx+b* =b* —4ac [adding b? both side]
or (Zax)2 +2.2axh +b* =b* —dac
or (2ax+b)2 =b? —4ac
Of  2ax+b=+\b* —4dac
or  2gx=-b+b*—4dac
_= b+b?* —4ac

2a

The alternative method known as Hindu method or Hindu formula was established by the
famous Hindu Mathematician Sridhar Acharyya.

or X

A quadratic equation ax® +bx+c=0 has

(i) Twodistinctreal roots if 2 _ 440> 0

(i) Two equal and real roots if 32 _ 440 =0

(ii)) Norealrootsif 2 _ 440 <0

Example 4 : Solve the equations by quadratic formula.
M 6x*-11x-10=0 () x*-5x+6=0

Solution: () ¢x2 —11x-10=0
Here a=6, b=-11, ¢=-10

—b+b% —4ac

2a

X =

(1) £y (-11)2 —4.6.(-10)
- 2.6

_ 11++4121+240

12

_11+4/361

12

1119
12
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_30 a==8
12 T

_3 and =22
o ad T

(i) x*-5x+6=0
Here a=a, b=-5, ¢c=6

x:—biVb2—4ac

2a
(-5 (-5 -4.16
- 2.1
5++/25-24
or X=—"
2
544
2
2
_6 4
272
=3,2

4.5 Equation reducible to quadratic form :

There are various type of equations which are not exactly quadratic in form, which can be
reduced to quadratic form by proper substitution and suitable transformation. Methods of reduction
to quadratic form and its solution are illustrated by some examples. In certain cases the solution
of'this type of equation may not satisfy the original equation. In this case the roots which do not
satisfy the original equation should be rejected. Solving some equation imaginary roots may be
obtained. We will reject such imaginary roots in our study.

Example 5 : Solve 4 _5,216=0
Solution: 4 _5,2 L 6=
Putting x? =y,

We find 42 _5,4+6=0
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or 4?3y —24+6=0
or u(u-3)-2u-3)=0
or (u-3)u—-2)=0

Either u—-3=0 or u-2=0
or y=0 and =2
when ;=3 when 3 =2
or 42-3 or x?2=2

or x=+1/3 or  x=+./2

-, The roots are + \/g, i\/z
[Note that a fourth degree equation has four roots]

1
Example 6 : Solve x ++x 25

Solution: Putting ; = +/x
2 1
We have u” +u =§

or 2% you=1

or 24 4+2u—-1=0

L 2+ J4-42.(-1)

2.2

or

205
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Solution: Putting 3* =4, we get

1_10

u 3
or  3,243=10u
or 342 _10u+3=0
or  3y% _9y—u+3=0
or 3Bu(u-3)-1(u-3)=0
or w-3)Bu-1)=0
Either 4 -3=0 or 3u—-1=0
or u=3 or 3y=1
1
or 3x=31 or u:§
or y=1 or 3¥_3"!
or x:—l

. Roots are x=1, —1.
Example 8 : Solve x? 4 2x 494+ x? +2x+9=12

Solution: Putting /x? +2x+9 =4, We get

ut+u=12

or 42 44-12=0

or  y? 3u+4u—12=0

or u(u-3)+4m-3)=0

or (wu-3)(u+4)=0

Either 4 -3=0 or y+4=0
u=3 or y=-4
[+ u is not +ve, we reject u = — 4]
L u=3

or x?4+2x+9=3

or  x?42x+9=9

or x?42x=0
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or x(x+2)=0
eitherx =0 or x+2=0
or x=-2

The given equation satisfied by the value x =0, —2

- Roots are x=0, —2

Example 9 : Solve 2./x+5 —+/2x+8=2
Solution: 2./x+5—+/2x+8=2
Or 24x+5=2++2x+8
or 4(x+5)=4+Qx+8)+2.24/2x+8 [Squaring both side]
or 2x+4+8=4+42x+8
or x+4=2+2x+8
or x?+8x+16=4(2x+8)
or x?=16
or x=+16=+4
The given equation satisfied by the value x = +4
.. Roots of the equation x =+4.,
Example 10 : Find two consecutive positive integers, sum of whose square is 265.

Solution: Let the integers be x and x + 1
According to the condition

x2 +(x+1)* =265
or X2 4 x?42x+1=265
or 25?2 +2x-264=0

or x24x-132=0

or (x+12)(x-11)=0
either x+12=0 or x—11=0
or x=-12 or x=11

-+ X 1s positive integer, therefore x =11.
. The required consecutive positive integers are 11 and —12.
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Exercise 4.4

1. Solve the following equation.

@  x*-16=0 @  2x2-72=0

(i) x2+5x=0 (iv)  3x2-15=2x2+10
2. Solve by method of factorization.

() x*—13x+36=0 ()  x?-12x+32=0

(i) 63”13y +6=0 (v)  2x2—7x+3=0

V) ¥ -2x+1=0 V) 6x% ~11y-10=0
3. Solve by method of completing square.

) x*-2x-8=0 ()  x*+5x+6=0

(i) 2x% —5x+2=0 (V) 2% +5x+1=0
4.  Solve by quadratic formula.

@) x*+7x+10=0 ()  3x%+5x-2=0

(i) 2x>-9x+4=0 (V)  x?-2x-35=0

(V) x?+3x+1=0 VD) x?—6x+1=0

5. Solve the equation.

0 x*-12x2+32=0 (i) 9-103*+9=0
6
(i) p¥2 43 _3 @iv) x+ X=3s
1 . 2 1
(v) x+;=6 V) x3_5x34+6=0
. X fl—x 13 , 1 1 3
(iX) V3x+1-+x-1=2 (X)) x?-5x+20x?>-5x+3=12

6. Application
(i) The sum of the square of two consecutive positive integer is 61. Find the integers.

16
(i) The difference between a proper fraction and its reciprocal is 15 Find the fraction.
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(i) The sum of squares of three consecutive natural numbers is 590. Find the numbers.
(iv) The product of two consecutive numbers is 240. Find the numbers.
4.6 Simultaneous quadratic equation:
Simultaneous quadratic equations are two type

Type 1: One equation is quadratic and other one is linear. This type of equation can be solved
by method of substitution. The method will be illustrated with the help of an example

Example 1: Solve x? + 2 =25; x+ y=7
Solution: x? +y2 =25 — (1)
x+y=7 - (2)
Fromequation (2) x+y=7
or y=7-x
Now putting this value in equation (1) we get
x2+(7—x)2 =25
or x? 4+49-14x+x> =25
or 2x? —14x+24=0
or x> -7x+12=0
or x? _3x—4x+12=0
or x(x-3)—-4(x-3)=0
or (x-3)(x—4)=0
either y—3=0 or x—4=0
or x=3 or x=4

When x=3,y=7-3=4, when x=4,y=7-4=3
Required solution is (3, 4), (4, 3).

b y 5
Example 2: Solve \/:JF\/::—, x+y=10
y x 2
. x y 5
Solution: ;* T 2~

x+y=10 - (2)
From equation (1) we get

L\ﬁ:é
h% x 2
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ey s

Xy 2

x+y_§
or \/E 2

10 5
or \/E_E [-» x+y=10 from (2)]
or ./jxy=4
or xy=16
or x(10—x)=16 wx+y=10, or y=10—x
or 10x—x*>=16
or x2_10x+16=0
or x? _8x—2x+16=0
or x(x—8)—2(x—-8)=0
or (x—8)(x-2)=0

either y—8=0 orx—2=0

or x=28 x=2

Whenx=8,y=10-8=2, when x=2, y=10-2=8
-. Required solution is (8, 2) (2, 8)
Type 2 : When both the equations are quadratic
In this case no specific method is applicable. Here we discuss some example.

4 .
Example 3: x+;=3, y+—=7

5
X

4
Solution: x+;=3 — (1)

+£—7 2
yx - (2)

From equation (1) we get

xy+4=3y — (3)

From equation (2) we get

xy+5=7x — 4)
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Now subtract equation (3) from equation (4) we get
1=7x-3y
S Ix=3y+1

+1

or Xx= - (5

Now putting the value of x from (5) to equation (4) we get
xy+5="Tx

or y(3y7+1J+5=3y+1

or 3?4+ y+35=21y+7

or  3y%-20y+28=0

or  3y*—14y-6y+28=0
or  y(3y-14)-2(3y-14)=0
or  (3y-14)(y-2)=0

either 3y-14=0 or y—-2=0
or 3y=14 or y=2
_14
or )y 3
14 3.E+1
when y=—, ,-_2
3
7
15
32+1

when y=2, xX=
) ) 15 14
Required solution (1, 2), EREY
Example 4: x? + 2 =40; xy=12
Solution: x%+ 12 =40 — (1)
xy=12 - 2

211
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Putting y = mx in the equation we have

x* +m*x? =40 > )

xmx =12 — 4
Dividing equation (3) by (4) we have

2 +m?x® 40

w12
x2!1+m2} 10

or =
mx?> 3

or 3(1+m2)=10m
or 3m? —10m+3=0
or 3x2 —9m—m+3=0
or 3m(m—-3)—-1(m—-3)=0
or (m—-3)(Bm—-1)=0
either m—-3=0 or 3m—1=0

1
or m=3, m= 3
Now, putting m = 3 in equation (4) we get
3x* =12
or  x?-4
or x=12

For x=2, y=mx=06,

For x=-2, y=mx=-6

1
Again m= 3’ in equation (4), we get

Lo
3
or  x?=36
=16
1
For x=6, y=mx=—x=2
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1
For x=-6, y=mx=§(—6)=—2

Required solution (2, 6), (6, 2), (-6,-2), (-2, —6)
Miscellaneous examples

Example 5: Solve 2 =2%; ¥ =4
Solution: 2 =2* — (1)

From (1) we get,

y=F

or 2=
or
or x

For x=2 y2=22 or y=%2

For x=-2, 2_p72 y==
. . 1
Required solution (2, 2), (2, -2), (-2, %), | =2~ 3

+L2=41; l+l=9

1
Example 6: Solve "2
Xy Xy

1 1
Solution: >+ 5 =41 _, )
Xy

213
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1 L
Putting —=u and _ =" we get
X y

u? +v2 =41 = 3)
u+v=9 - 4)

Now from equation (4) we get
v=9-u

w4yt =41

or u2(9—u)2:41

or 42 +81—18u+u” =41

or 2u* —18u+40=0

or y? —9u+20=0

or 2 —5u—4u+20=0

or u(u—5)—-4u-5)=0

or u-5)(u—-4)=0

either y—-5=0 or u—-4=0

“u=5 and u=4
For u=5, v=9-5=4
For =4 yv=9-4=5

5 x_l

u=>, 53

1

v=4 yZZ
Agai 4 x_l
gain y=4, 4
1
v=>5 )’Zg

_ ) _ I 1)1 1
.. Required solution 52l 7
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() x*+y?=50

x+y=8
X y 5
(iii) \/; \/: )
x+y=10
Solve
9
N ox+—=7
M
y+§=5
x

@) 2x+3y=12xy
x+y=>5xy

) x* +y2 =34; xy =15

(@) y2 =2x; y' =4

(i) x* =2 2 = x

Solve the following equations.

Solve the following problems.

Exercise 4.5

(i) x? +y2 =29

x—-y=3
. X, )

—+==5
(@iv) > s

2 5 5

Y —=—

x y 6

() 2x2—y%=7

3x?+2y? =14
(iv) x? +xy =12
xy—2y2 =1
i) x? +y2 +xy=84

X+y+qxy=14

(i) 37-9”

5x+y+1 — 25xy

1 1
)y — +— =13
(iv) 2 yz
1.1,
Xy

square of the smaller part by 164.

215

(1) Divide 16 into two parts such that twice the square of the larger part exceeds the

(i) Two numbers are in the ratio of 3 : 4 and if 10 be subtracted from each of them the
remainders are in the ratio 1 : 3. Find the numbers.
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(iii) The ratio of the prices of two horses was 16 : 23. Two years later when the prices of
the first had risen by 10% and of the second by Rs. 477, the ratio of their prices

become 11 : 20. Find the original prices of the two horses.
ANSWERS
Exercise 4.1

Linear equation (i), (ii)

2 (i)

x—1=0,a=1, c=-1
i) y+1=0,a=1, c=1
L XY 1 1
—+==7=0 a=—, b=—, __
Exercise 4.2
. @) x=3y=2, i) x=5y=3
23 :
(111) x=13,y=—? (IV) x=0, y:4
2. (1) x=-10, y=-20 @i) x=2, y=9 the number 29

(iii) Mother's age = 40, son's age = 10
Exercise 4.3

. (@) =x=3, y=2 @iv) x=4 , y=0
i) x=2, y= 1 x= L =3
(i) V=3 ) y y=
(i) x=-5y=2 vi) x=2, y=1
2. (i) Infinitesolution (i) No solution
(iii) Infinite solution (iv) No solution.
3. 1) 27 (i) Chair Rs. 700

Table Rs. 400
(i) First Rs. 2400
Second Rs. 4000
Exercise 4.4

. () x=t4 (i) x=+3
@) x=0,-5 (iv) x=45
2. () 4,9 (i) 8,4 (i)
@iv) %, 3 v) +1,+1 (vi)
3. () 4,22 () -3,-2 (i)
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1 1 111 1
(i) (2,2),(=2,2) (5,— 2j (—5, - 2} (iv) (5,_5] (5’ _EJ

4. (@) 10,6 G) 12;16 (iii)

217

(iv) —54417
4
o s I Lol
on -2,- (i1) '3 (i) &
-3+
) 7.-3 @ 5 () 34242
() 242, +2 () 2,0 i) 2,3
1
) o5 ™ 3+242 (vi) 8,27
9 4 Lol .
(vii) 313 (viii) 3, 3 (ix) 1,5
x) 6,-1
6. () 5,6 (i) % Gi) 13,14,15
(iv) 15,16
Exercise 4.5
O (L7, 71 i (5,2) (-2,-5)
i) (4, 1) (1,4) (iv) (4,15) (6, 10)
14 15
2. () (453)5(?57J a 2, D@, -1 2,1) (2,-1)
11
(i) (0, 0), (5’3)
4*/E ! 4*/E !
W\ 5T s e G DD
v) (5,3) (3,5) (-5,-3) (-3,-5)
vi) (8,2) (2,8)
11
3. () (2,2 i) (2,1), (—5,7)

Rs. 848, Rs. 1219
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Group B : Statistics
Unitl:
Introduction to Statistics

1.1 Meaning of Statistics

"Statistic" as a word is often used in our everyday life. It has been derived from the Latin word
'Status' which means a group of numbers or figures and those represent some interest of our
human interest.
"Statistics has two meaning, i.e., the term 'Statistics' has been defined in singular and in plural
sense.
According to Oxford dictionary, in plural sense it means a systematic collection of numerical
facts and in singular sense, it is defined as the science of collection, presentation, classifying
and analysing data using Statistics.

Below are some of the important definitions used in plural sense:

1. "Statistics are the classified facts representing the conditions of the people in a
State....specially those facts which can be stated in number or in tables of numbers or in any
tabular or classified arrangement." — Webster

2. Statistics are numerical statements of facts in any department of enquiry placed in relation
to each other. — Bouley

3. "By Statistics we mean quantitative data affected to a marked extent by multiplicity of
causes." — Yule & Kendall
4.  "Statistics are measurements, enumerations or estimates of natural phenomenon, usually

systematically arranged, analysed and presented as to exhibit important inter-relationships among
them." — A.M. Tuttle

5. "Statistics may be defined as the aggregate of facts affected to a marked extent by
multiplicity of causes, numerically expressd, enumerated or estimated according to a reasonable
standard of accuracy, collected in a systematic manner, for a pre-determined purpose & placed
in relation to each other." — Prof. Horace Secrist

Of all the five definitions, Secrist's definition seems to be the most comprehensive and
exhaustive.

We give below some of the definitions of Statistics used in singular sense. (STATISTICS
AS STATISTICAL METHODS)
1. "Statistics may be called the science of counting". — Bowley A.L.
2. "Statistics is the science and art of handling aggregate of facts- observing, emuneration,
recording, classifying and otherwise systematically treating them."

3. "Statistics is a method of decision making in the face of uncertainty on the basis of numerical
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data and calculated risks". — Prof. Ya-Lun-Chou

4. "Statistics may be defined as the science of collection, presentation, analysis and
interpretation of numerical data." — Croxton & Cowden

Well, it seems pretty much clear that Croxton & Cowden's definition of statistics is the
most scientific & authentic one and the first complete definition of statistics along with its four
components i.e., collection, presentation, analysis & interpretation of data.

1.2 Importance and scope of Statistics in Business & Economics

The significance of statistics in recent years, is viewed not as a mere device for collecting
numerical data but as a means of developing sound techniques for their handling, analysis and
drawing valid inferences from them. The development in statistical studies has considerably
increased its scope and importance. It is no longer regarded as the science of statecrafts or a
by-product of state administration. Nowadays, it is not only confined to the affairs of the state
but is intruding constantly into various diversified spheres of life of social sciences, physical and
natural sciences.

Now, we are in a position to discuss briefly the significance of Statistics in two important
disciplines viz., Business and Economics.

1. In Business :

Statistical ideas and knowledge is very helpful to the businessman. Business executives
are relying more and more on statistical techniques for studying the needs and the desires of the
consumers and for many other purposes. They formulate different plans and policies using
statistics, which in turn helps them in forecasting the future trends & tendencies. As an illustration,
suppose a businessman wants to manufacture readymade garments. Before starting with the
production process he must have an overall idea as to 'how many garments are to be
manufactured', "how much raw material and labour is needed for that' and 'what is the quality,
shape, colour, size, etc. of the garments to be manufactured. Thus, the formulation of a production
plan in advance is a must which cannot be done without having quantitative facts about the
details mentioned above.

Hence, for becoming successful in business, ideas of statistics are essential.

In industrial sector, statistics is very widely used in 'Quality Control', the technique of
statisticall quality control is mainly concerned with determining the extent to which quality goals
are being met without necessarily checking every item produced and for indicating whether or
not the variations which occur are exceeding normal expectations. It also enables us to decide
whether to reject or accept a particular product.

2. In Economics :

Statistics plays a major role in economics. Statistics for economics concerns itself with the
collection, processing and analysis of specific economic data. It helps us understand and analyze
economic theories and denote correlations between variables such as demand, supply, price,
output etc. Economic theory provides a framework for understanding how markets function
and how economic agents make decisions and statistics provide the tools for testing economic
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theories using empirical data.

Statistical data and techniques of statistical analysis have proved immensely useful in
solving a variety of economic problems such as wages, prices, consumptions, production,
distribution of income and wealth etc.

Statistical tools like Index Numbers, Time Series Analysis, Demand Analysis are extensively
used for efficient planning & economic development of a country.

Statistics along with Economics have given rise to the development of Econometrics,
which is now treated as a separate discipline. The term "Econometrics" was coined by the
Economist Ragnar Frisch. He along with Jan Tonbergen, who is also an economist is the founder
of'this subject.

1.3 Types of Data :

Before understanding the concept of data collection, which is an important task of any
statistical investigation or enquiry, we will take a look at what do we mean by the term "data" or
more precisely "statistical data".

Statistical data : The numerical facts or measurements obtained in the course of an enquiry
into a phenomenon, marked by uncertainty, constitute statistical data.

While deciding about the method of data collection to be used for the study, the reader
should keep in mind the types of data viz., primary and secondary data.

(1) Primary data

Primary data are those which are collected afresh and for the first time and thus happen
to be original in character. We obtain primary data either through observation or through direct
communication with respondents in one form or another or through personal interviews.

(2) Secondary data

Secondary data are those which have already been collected by someone else and are
obtained from published or unpublished source in any investigation. Usually published data are
available in various publications of the central, state or local governments whereas unpublished
data sources may be found in diaries, letters, autobiographies and other public/private individuals
and organisations.

1.4 Methods of collecting primary and secondary data

The methods of collecting primary and secondary data differ since primary data are to be
originally collected, while in case of secondary data, the nature of data collection work is
merely that of compilation. We describe the different methods of data collection, with the prons
& cons of each method.

(i) Collection of primary data

The methods that are primarily used for collecting primary data are —

(1) Interview method

(i) Mailed questionnaire method

(i) Schedule method
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(iv) Observation method
(v) Indirect oral interview techniques
Now, we will briefly discuss about each of the method in details.

() Interview method

The interview method of collecting data involved an interviewer asking questions generally
in a face to face contact to the other person or persons. This sort of interview may be in the
form of direct personal investigation or it may be indirect oral investigation. In the case of direct
personal investigation the interviewer has to collect the information personally from the sources
concerned. In indirect oral investigation, the interviewer has to cross-examine other persons
who are supposed to have knowledge about the problem under investigation and the information,
obtained is recorded.

Merits
(i) More information can be gained with greater depth.
(i) Greater flexibility as the questions can be restructured.

(i) There is choice for interviewer to decide which person(s) will answer the questions. This
is not possible in mailed questionnaire method.

(iv) Supplementary information about the respondent's can also be collected.

Demerits

(1) Itisaveryexpensive and time consuming method.

(i) Introduction of systematic errors remains a huge burden for the interviewer.

(iii) This method is not adopted when the sample is large & widely spread geographically.
(iv) There is often the possibility of introduction of bias made by the interviewer.

(I) Mailed questionnaire method

This method is one of the most popular among all the methods. It is carried out by sending
a questionnaire through mail to the persons concerned and are asked to fill the blank spaces
provided to them for the questions. It consists of a list of questions numbered in a definite order
on a form. After completing the questions, the respondents are requested to send it back within
a specified time.

Merits and demerits of mailed questionnaire method
Merits
(1) Thereis considerable saving in money i.e., cost involved is less.

(i) There is no involvement of bias of the interviewer since the answers are filled by the
respondents themselves.

(i) Respondents have adequate time to furnish answers in a well prepared mind.
(iv) Respondents, who are not easily approachable, can also be reached conveniently.
Demerits
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(1)  Such method can be utilised when the respondents are literate/educated.

(i) Instances of non-response is often a huge problem face by this method.
(i) Sometimes, it is difficult to accept whether willing respondents are truely the representative.
(IIT) Schedule method

Collection of data through this method is very much like the questionnaire method, the only
difference is that schedules are being filled in by the enumerators who are specially appointed
for the purpose. The enumerators along with schedules contact the respondents, record the
replies and fill them up in their own language.

Merits and demerits of schedule method

Merits

(1) This method leads to fairly reliable results in extensive enquires.
(i) This method is applicable when the respondents are uneducated.

(i) Chances of non-response is less, as the enumerator personally visits/contacts the
respondents.

Demerits

i is method is very expensive and is usually adopted in investigation conducte
Th thod Ty exp d lly adopted tigat ducted by
governmental agencies or by some big organisations.

(i) The outcome of this method relies upon the skills and intelligence of the enumerators
selected for the purpose.

(iii) Bias produced by enumerators could impact the result of data.
(IV) Observation method

This method is primarily used in studies relating to behavioural sciences. As the name
suggests, such method is usually adopted by researchers who are involve in qualitative research
to gather data about people, objects, events, behaviours etc. Researchers watch, listen, takek
notes and also record video/audio in their surroundings to get first hand information on the
research topic.

Merits & demerits of observation method
Merits
(1) Subjective bias is eliminated, if observation is done accurately.

(i) Information obtained under this method relates to what is currently happening. It is not
complicated by either the past behaviour or future intentions or attitudes.

(i) It is easy to organize i.e., it happens in a natural environment, so there is no need to
organize anything.

Demerits

(1) Itis an expensive method.

(i) Information provided by this method is very limited.
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(i) Sometimes, this method faces obstacles to collect data effectively in situations when
some people are rarely accessible to direct observation.

(V) Indirect oral interview method

Under this method, the primary data is collected through which the investigator approaches
third parties who are capable of providing the required information. It is used when the area of
investigation is large or the respondents feel uncomfortable to furnish information to the
investigator due to some reason. In this method, the investigator prepares a list of questions
related to the enquiry and then asks questions from different persons & records their answers.
The person from whom these questions are asked is known as the witness.

Merits & demerits of indirect oral interview method
Merits
(i) This method is economical in terms of money, time & manpower.

(i) Prejudices of the original informants are eliminated as the information are recorded from
the third parties.

(i) A wide area can be covered within a given time.
Demerits

(1) Improper choices of the witness by bribery, nepotism or undue requests for which the true
information obtained may be twisted by them.

(i) The informations provided by third parties at times may not be reliable.
1.5 Difference between questionnaire and schedules

There is a slight similarity between both the questionnaire and schedule method and because
of'this fact people sometimes finds it difficult to distinguish between them. But from technical
point of view, there is difference between the two. Here, we will look at some of the notable
and important points of difference.

1. The questionnaire is generally sent to the informants to be answered by themselves. On
the other hand, a schedule is generally filled out by the investigator or the enumerator,
after the responses from the informants are recorded.

2. Collecting data through questionnaire is relatively cheap & economical since, money is
involved only in preparing the questionnaire and sending the mail to the resondents. But, to
collect data through schedule method, money has to be spent in appointing enumerators &
imparting training to them. It is relatively more expensive.

3. Non-response is quite high in case of questionnaire as many respondents do not fill up
some of the questions and return it back incompletely. On the other hand, non-response is
generally low in case of schedules because of the fact that the answers are being filled by
the enumerators themselves.

4. Time involved in collecting responses from all the informants is very high because some of
the respondents do not feel it mandatory to fill up on time. But in case of schedules, the
information is collected well in time as they are filled in by enumerators.
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5.  Respondent's literacy is a major concern for questionnaire method, since this method is
applicable only for literate people, whereas, even illiterate or uneducated people could
participate in answering the questions in case of schedule method.

6. Risk of collecting incomplete and wrong information is relatively more under the
questionnaire method, particularly when people are unable to understand questions properly.
But in case of schedules, the information collected is generally complete and accurate as
enumerators can remove the difficulties, if any, faced by respondents in correctly
understanding the questions.

(A) Sources of secondary data

The various sources, the investigator needs to look into, when he utilises secondary data
for collecting information can be classified under the following two :

(i) Published sources
(i) Unpublished sources
(i) Published sources

Usually published are available in (a) various publications of the central, state government's
(b) various publications of foreign government's or of international bodies, (c) books, magazines
and newspapers (d) research articles, journals (e) local bodies like Municipal Corporation.

(i) Unpublished sources

They are generally found in letters, diaries and also may be available with scholars and
research workers, private individuals and organisations.

1.6 Type of Enquiry

There are two principle types of enquiry, we generally need to adopt in any field of inquiry,
they are census and sample survey.

Census refers to the complete enumeration of the items in a population i.e., each & every
unit of the population is observed and data are obtained from each of the units.

A sample is a finite sub-set of items in a population. The units comprising the sample
should be enable to provide a representative of the population. In sample survey, data is obtained
only from the selected items.

(A) Sample Survey Vs Complete Enumeration
Following are the main merits of sample survey over complete enumeration.
Sampling usually results in saving time, money and labour.
Data can be analysed much faster since only a part of the population needs to be examined.

3. Results obtained from sample survey are much more reliable than those obtained from
complete census.

When the area of investigation is large, then sampling method is preferred.

5. Sample survey provides more scope as compared with complete census. The complete
census is impractible rather inconceivable if the survey requires a highly trained personnel
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and more sophisticated equipment for the collection and analysis of the data.

Iftesting is destructive, i.e., if the quality of an article can be determined only by destroying
the article in a process of testing, as for example (a) testing the quality of milk (b) testing
the breaking strength of chalks (c¢) testing of crackers, then sampling technique is the only
method to be used in such cases.

Limitations of Sampling

Sampling theory has its own limitations and problems which may be briefly outlined are as
follows :

For the accuracy of results, the investigator should keep in kind that proper care has to be
taken in the planning and execution of the sample survey.

Sampling method requires the services of trained and qualified personnel and the
unavailability of such personnel, the results obtained are not trustworthy.

If the information is required about each & every item of the population, there is no way
but to resort to complete census.

If the universe is not too large, a complete census may be better than sample survey.

Exercise
Define statistics.
Define Statistics in singular as well as in plural sense.
Define Statistics according to Professor Horace Secrist.
Mention the scopes & importance of Statistics in Business.
Write a brief note on the importance & scope of Statistics in Economics.
What are the different types of data used in a statistical investigation?
What do you mean by 'statistical data' ?
Differentiate between primary and secondary data.
Write the methods used for the collection of primary data.
Write a brief note on Interview method.
Mention the merits and the demerits of Interview method.
Write the main differences between Questionnaire and Schedule method.
Mention some sources of secondary data.
Mention the two principle types of enquiry.
Define census.
Define sample survey.
Write the advantages of sample survey over complete census.

Mention the drawbacks of sampling technique.
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Unit-11:
Frequency distribution, Diagrams & Graph

Before introducing "what is frequency distribution", we will begin with some ideas about
variable and its types.

A variable is a measurable quantity like students marks in a test or height of a girl which
varies from one individual to another is called a variable.

(A) Types of variable

(i) Discrete variable: Variables which can assume only a finite no. of distinct integral values,
e.g. No. of books in a library.

(i) Continuous variable: Variables which can assume any value within a specified range, this
includes integral as well as fractional values, e.g. temperature of a particular location.

(B) Frequency
The number of times a variable under study appears or is being repeated is called the
frequency of the variable.

E.g. (i) If the height of 4 boys lies within the range '160cm - 170 cm' then the frequency
of heights in that range is 4.

(i) If there are 7 students securing 85 marks in Statistic subject, then the frequency of
the mark 85 is 7.

2.1 Frequency distribution

Frequency distribution are visual displays that organise and present frequency counts so
that the information can be interpreted more easily. It can show absolute frequencies or relative
frequencies, such as proportions or percentages.

Types of frequency distribution
There are two types of frequency distributions :
(1) Discrete frequency distribution
(i) Continuous frequency distribution
(1) Discrete frequency distribution:

When a frequency distribution is constructed for a discrete variable, it is known as discrete
frequency distribution.

A discrete frequency distribution may be presented with class intervals or without class
intervals.

E.g. (i) Suppose in a class test, marks secured by 30 students is distributed in the following
frequency table.
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Frequency Table
Marks (x) No. of students (f)
101-15 6
16 - 20 7
21-25 4
26 -30 2
31-35 5
36-40 2
46 - 50 4

2 f=N=30

Such a table showing the distribution of the frequencies in the different classes is called a
frequency table and the manner in which the class frequencies are distributed over the class
intervals is called the grouped frequency distribution of the variable.

Suppose, we want to represent the data of the no. of students and their favourite subjects.

Favourite subjects(x) No. of students (f)
Mathematics 17
Science 13
English 10
Assamese 15
Hindi 12
Social Science 08
>f=N=75

A frequency distribution of above kind without class intervals is known as an ungrouped
frequency distribution.
(i) Continuous frequency distribution :

When a frequency distribution is constructed for a continuous variable, it is known as

continuous frequency distribution. If we are dealing with continuous variable, then it is not
possible to arrange the data in the class intervals of the following type.

Age (in years)
0-4
5-9
10-14
15-19

20-24
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Here, the persons with ages between 4 & 5,9 & 10, 14 & 15, 19 & 20 are not taken into
consideration. In such a case, we form the class intervals in the following table.

0-5
5-10 . .
Here, all the persons with any fraction of age are
10-15 . .
included in one group or the other.
15-20
20-25

Suppose we are given the wages (in Rs.) of 43 workers in classes 2,000 - 3,000, 3,000 -
4,000, 4,000 - 5,000, 5,000 - 6,000, 6,000 - 7,000. Then, we represent the data in the following
way by grouping the wages into classes.

Wages (in Rs.) No. of workers
2,000- 3,000 3
3,000 -4,000 5
4,000 - 5,000 10
5,000 - 6,000 10
6,000 - 7,000 5
2 f=N=43

Basic Terminologies associated with a grouped frequency distribution

1. Class: Aclass is a grouping of values of a series, and the groups thus obtained are bounded
by limits.

2. Classinterval (C.I) : It is the numericall difference between the upper and lower limits of
a class.

3. Class limits : It represents the smallest and largest values in a class interval. For e.g.
'0 - 10" has two limits, '0' is the lower class limit and '10' is the upper class limits.

4. Class boundaries : These are the values that separate the classes. The following steps are
used to calculate the class boundaries in a discontinuous frequency distribution.

1
Step 1 : Lower class boundary = lower class limit )

[lower limit of 2nd class — upper limit of 1st class]

1
Step 2 : Upper class boundary = upper class limit + )

[lower limit of 2nd class — upper limit of 1st class]
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For e.g. Consider the class interval (C.I)
26-30,31-35,36-40,41-45
The upper and lower class boundary for the 1st class i.e., 26 - 30 will be as follows

1 1
The lower class boundary =26 —5[3 1-30]=26 5= 25.5

1 1
The upper class boundary = 30+E[3 1-30]=30 +§ =30.5

Calculating similarly, the required continuous classes are as follows
25.5-30.5, 30.5-35.5, 35.5-40.5,50.5-45.5
5. Inclusive and exclusive class :

Classes of the type in which both the upper and lower limits are included are called
'inclusive classes'.

For e.g. the class '15 - 19, includes all the values from 15 to 19.

Classes of the type in which the upper limits are excludd from the respective classes and
are included in the immediate next class are known as 'exclusive classes'.

Fore.g. 0-5,5-10, 10 - 15, 15 -20. Here the upper limit of each classes are excluded
from the respective classes.
6. Open end class :

Classes of the type in which the lower limit of the first class and the upper limit of the last
class is not specified, then these are called open end classes.

For e.g Below 5, 5-10, 10-15, 15-20, 20 & above.
7. Width or magnitude of a class :

The difference between the upper and lower limits of a class interval for a continuous or
exclusive classes is known as the width or magnitude of the class.

Fore.g.0-5,5-10,10 - 15, 15 - 20, the magnitude of the class is 5i.e. (5—0=15).

In case of discontinuous or inclusive classes, at first the class boundaries have to be
determined and then the width of the class interval is the difference between the upper
and lower class boundaries.

8. Mid value of a class
The average of the lower and upper limit of a class interval is the mid-value of the class.

lower limit + upper limit
2

1.e. Mid value =

9. Class frequency :
The number of times the items corresponding to a class interval repeat in the series.
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10.

11.

12.

13.

Statistics
For e.g. If 15 people aged 5 - 10, then the frequency for the '5 - 10' interval is 15.
Frequency density :
It is defined as the ratio of the frequency of a class to the width of that interval i.e.

~_ Classfrequency
Frequency density = Width of the class

Relative frequency :
It is defined as the ratio of the frequency of a class to the total frequency

Frequency of the class

i.e. Relative frequency ~ Total frequency

Percentage frequency :

100 times the relative frequency is called the percentage frequency.

. Percentage frequency = Relative frequency x 100

Cumulative frequency (cf)

The cumulative frequency of a class interval is the sum of the frequencies of previous
class intervals and the concerned class intervals. The cumulative frequency of the first
class is the frequency itself, the cumulative frequency of the second class is the sum of
the previous class and the corresponding class itself i.e., sum of the frequency of the 1st
& 2nd class. Similarly, cumulative frequency of the last class is the sum of all the classes,
and the cumulative frequency thus obtained is the total frequency (N).

The cumulative frequency of the various classes constitute the cumulative frequency

distribution.

)
V)

(i)

E.g.

Cumulative frequency distribution are of two types —

"Less than" and (ii) "More than" types.

Less than type

In less than cumulative frequency distribution, the cumulative frequency corresponds to
the upper limit of the class and the cumulative frequencies are calculated in the same way
as mentioned above.

More than type

In more than cumulative frequency distribution, the cumulative frequency corresponds to
the lower limit of the class. The more than cumulative frequencies are obtained by summing
up the frequencies from the highest class interval / last class interval and then proceeding
upwards.

The cumulative frequencies of the last class is the frequency itself. The cumulative
frequencies of the class succeeded by the last class is sum of the frequencies of the last
class and the corresponding class. Similarly, the cumulative frequency of the st class is
the sum of all the frequencies (N).

Suppose, we have a frequency distribution which is given below. Obtain 'less than cf' &
'more than cf.
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Class Intervals (C.I)| (f) frequency Less than cf More than cf
0-5 3 3 25(7+9+5+4+3)
5-10 6 9(6+3) 22 (7+4+5+6)
10-15 5 14(5+6+3) 16 (7+4+5)
15-20 4 18(4+5+6+3) 11 (7+4)
20-25 7 25(7+4+5+6+3) 7
X f=N=25

Construction of Frequency Tables

For the construction of frequency distribution table, three columns are prepared. The first
column consists of the no. of variables or class intervals, the second column consists of the tally
marks recorded against each of the variables according to their no. of occurences and the third
column consists of the frequencies corresponding to the variables or classes. The values in the
first column are arranged from lowest to highest either as single observations or in classes.

Remarks :
1. A bar (1) called tally marks is put against the number when it occurs. If it occurs five

times, then put a cross tally on the first four tallies (IH)

Points to remember for classification

The classes should be clearly defined and should not lead to any ambiguity.

The classes should be mutually exclusive and non-overlapping.

The classes should be exhaustive i.e., each of the given values should be included in one

of the classes.

The classes should be of equal width.

Open end classes like less than '’ or greater than '5' should be avoided as far as possible

since they create difficulty in analysis and interpretation.

6. Number of classes should neither be too large nor too small. It should preferably lie
between 5 and 15. However, the number of classes may be more than 15 depending upon
the total frequency and the details required.

Remark:

1. Struge's Formula for determining an approximate number 'x' of classes
K =1+3.322 log NN, where N = total frequency.

Some worked out problems
Prepare a discrete or ungrouped frequency distribution table for the following marks obtained

by 24 students.

9 22 12 30 30 25 24 18

21 30 30 19 18 33 20 19

19 12 21 27 22 29 18 21

Soln: The above marks can be put in a frequency table in the following way

hadi

ws
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Variable Tally marks Frequency
12 11 2
18 11 3
19 11 4
20 I 1
21 I 3
22 11 2
24 II 2
25 I 1
27 I 1
30 1111 4
33 I 1
Total N=24

Statistics

2. Prepare a grouped frequency distribution table from the following marks obtained by 30

students of a class.

46,67,23,05,12,53,38,59,26,43

45, 66,74, 16, 86, 56,31, 58, 90, 32

74,48, 64, 58, 50,46, 53, 64,57, 65
Find (i) Percentage of students whose marks is below 50.

(i) Percentage of students whose marks is above 50.

(i) Number of students whose marks is between 50 - 59.
Soln: Here, the lowest mark is 05 and the highest mark is 90. The range of the data is 90 - 5
= 85 and hence we can take the length of the class interval as 10.

Frequency table of marks of 30 students

Class Intervals (C.I) Tally marks Frequency (f) | Cumulative frequency (cf)
0-9 I 1 1
10-19 11 2 3
20-29 II 2 5
30-39 I 3 8
40 -49 H 5 13
50-59 I 8 21
60 - 69 I 5 26
70-79 II 2 28
80 -89 1 29
90 - 100 1 30
Total N=30
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(1) No. of students whose mark below 50 is 13
ie. 1+2+2+3+5=13(cfof (40-49)
-, Percentage of students securing marks below 50 is

13

—x100=43.33%
30

(i) No. of students whose mark above 50 is 17
ie.8+5+2+1+1=17

(Total no. of students — No. of students securing less than 50)

ie.,(30-13)=17
.. Percentage of student securing marks above 50 is

(iii) No. of students securing between 50 - 59 is 8

17

—x100=56.66%
30

233

3. The following numbers give the weights of 55 students of a class. Prepare suitable frequency

table.
42
53
63
66
72

Find also the frequency density and percentage frequency of the class intervals.

74 40 60
110 76 &4
69 104 80
49 77 90
50 79 52

82
50
79
89
103

115
67
79
76
96

Soln: Here, total frequency (N) = 55

The class interval of the class is given by

By Sturge's rule, the no. of classes (K) is given by
K=1+3.3221log 55

=1+(3.322x1.7403)

=115
=75

Cl

=1+5.7814
=6.7814~7

Range = Maximum value — Minimum value

— 40

_ Range 775 ~10.714~11

41
65
54
42
51

61
78
73
64
86

75
77
59
69
78

83 63
56 95
81 100
70 80
94 71



234

Statistics

Hence, taking the magnitude of each class interval as 11, we shall get 7 classes. Since, the
minimum weight is 40, which is a convenient figure to take as lower limit of a class, the various
classes by 'exclusive method' would be : 40-51, 51-62, 62-73, 73-84, 84-95, 95-106, 106-117.

Now, we prepare the continuous frequency distribution table of weight of 55 students.

Class Intervals | Tally marks | Frequency | Frequency density Percentage of
(C.D ® frequency
7 7
40-51 HH I 7 —=0.63 —x100=12.72%
11 55
8 8
51-62 istEiil 8 —=0.72 —x100=14.54%
11 55
11 11
62-73 THI I T 11 —=1.00 —x100=20%
11 55
17 17
73 -84 T T T [0 17 ﬁ:1'54 §x100=30.90%
84 - 95 i 5 > 0.45 > x100=9.09%
_ —=0. e =. (]
11 55
5 5
95-106 st 5 —=045 —x100=9.09%
11 55
106 - 117 I1 2 2 0.18 2 x100 =3.63%
- —=0. — =3. 0
11 55
Total 55
Exercise
1. Define variable.
2. What are the types of variable?
3. Define frequency.
4.  What do you mean by a 'frequency distribution' ? And what are its different types?
5.  Define discrete frequency distribution with a suitable example.
6.  Define continuous frequency distribution with a suitable example.
7.  State one difference between ungrouped and grouped frequency distribution.
8.  Define the following :
(1) Class

(i) Class limits
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(iii) Class boundaries
(iv) Open end classes
9. Define 'inclusive' and 'exclusive' classes.
10. Define the following :
(i) Class frequency
(i) Frequency density
(iii) Percentage density
(iv) Cumulative frequency
11. What do you mean by 'cumulative frequency' ?
12. Explain how will you construct a frequency distribution table.
13. Prepare the important points for classification.

14. Prepare a frequency distribution table from the following data. Find also the frequency
density and percentage frequency of each class interval.

21 20 55 39 48 46 36 54 42 30
29 42 32 40 34 31 35 37 52 44
39 45 37 33 51 53 52 46 43 47
41 26 52 48 25 34 37 33 36 27
54 36 41 33 23 39 28 4 45 39

15. Age at death of 50 persons of a village are given below. Prepare a frequency distribution
table showing tally marks, frequency and percentage frequency. Prepare exactly 10 class
intervals as 25 - 29, 30 - 34, ....., etc.

30, 71, 40, 58, 48, 47, 43, 55, 63, 57, 49, 54, 34
70, 63, 68, 62, 28, 38, 48, 44, 39, 52, 51, 36, 37,
57, 49, 60, 51, 29, 37, 61, 37, 51, 60, 46, 44,

57, 55, 39, 56, 49, 68, 65 32, 33, 53, 45

16. Form a frequency distribution table from the following data & answer the question given
below.

Monthly salary of 30 workers in Rupees

310, 320, 325, 354, 370, 335, 300, 397, 331, 375,

315, 390, 350, 386, 359, 360, 380, 323, 342, 327,

305, 318, 337, 376, 392, 340, 363, 385, 369, 393
Find—
(i) Percentage of workers whose monthly salary is below Rs. 350.
(i) Percentage of workers whose monthly salary is above Rs. 350.
(iii) Number of workers in the salary range 325 - 365.



236

Statistics

17. From the following table showing the wage distribution in a certain factory calculate 'less
than cf' & 'more than cf' & find

(1) Percentage of workers who earned less than Rs. 100 per week

(i) Percentage of workers who earned more than Rs. 150 per week

(ii)) Percentage of workers who earned between Rs. 75 and Rs. 125.

Weekly wages | No. of employees | Weekly wages | No. of employees
(Rs.) (Rs.)
20 -40 8 120 - 140 35
40 -60 12 140-160 18
60 - 80 20 160 - 180 7
80 - 100 30 180 -200 5
100-120 40
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Diagrams and Graph

Introduction :

Diagrams and graphs give visual representation of the data. If properly created they can attract
and hold the attention of the viewers, simplify the complexity of data. They can give a clear
picture of data and can be used to make comparisons easily.

(A) Diagrammatic Presentation of data:

When data is presented in a simple and attractive manner in the form of diagrams is called
diagrammatic presentation of data. The form of diagrams is called diagrammatic presentation
of data.

2.2 Types of diagram

The commonly used diagrams to present statistical data are classified as follows:

1.  One-dimensional diagrams :
This diagrams have only one dimension such as height or length. They consists mainly of
bar diagrams. The magnitude of the characteristics is shown by length or height of the bar.

2.  Two-dimensional diagrams:
This diagrams have two dimensions such as length, breadth. It consists of rectangles,
squares, circles or pie-diagram.

3. Three-dimensional diagrams :
This type of diagrams have three dimensions such as length, breadth & height. It consists
of cubes, cylinders, spheres etc.

4. Pictograms :
It represents the frequency of data while using symbols or images that are relevant to the
data. Pictograms is one of the simplest ways to represent statistical data.

5. Cartograms :
It refers to a map through which information are represented in different manner viz.,
shades, dots, columns. The map is usually distorted.

2.3 Bar Diagram

Bar diagrams are one of the most popular one-dimensional diagrams. Businessman and
Economist utilized bar diagrams for presenting business and economic data. Here, only the
length (or height) of the bars are taken into account.

Following are the points that should be kept in mind while constructing bar diagrams :
1. All the bars should be on the same base line.

2. The length or height of the bars vary depending on the value of the variable. However, the
breadth (or width) of the bar remains constant.

3. All the bars must be equally spaced from each other.

Bars may be drawn either horizontally or vertically. But in practice, vertical bars are
usually adopted.
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5. The bars should be arranged from left to right (from top to bottom in case of horizontal
bars).

Types of Bar diagrams:
Simple Bar diagram
Multiple or compound bar diagram
Sub-divided or component bar diagram
1. Simple Bar diagram
A diagram in which each class or category of data is represented by a group of rectangular
bars of equal width is known as a simple bar diagram. In this diagram, each bar represents only
one figure. These diagrams show only one characteristics of the data such as sales, production
or population figures for various years. The magnitude of data is determined by the bars height
(or length). The layout of these diagrams can be vertical or horizontal.
Example 1: Draw a bar diagram for the population of India in different years.
Year : 1951 1961 1971 1981 1991 2001
Population : 36.1 438 548 684 844 98.6
(in crores)

hadi i

Soln: The bar diagram is drawn as shown below :

N

y 98.6

84.4

68.4

80T 54.8

70+ 43.8

Population 60
(in crores)

36.1

50__

40__

30T

20+

10+

0 1951 1961 1971 1981 1991 2001

Years —
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Example 2: Draw a horizontal bar to represent the following :

Year ;1999 2000 2001 2002 2003
Profit : 18,000 20,000 16,000 14,000 17,000
(inRs.)
Soln: The horizontal bar is drawn as shown below :
y
20031 | 17,000
Year 20021 ‘ 14,000
T
20011 |16,000
2000- |2o,000
19991 |18,000

5 10 15 2

2. Multiple or compound bar diagram

x (Profits(,000) >

239

The multiple bar diagram is used to compare two or more inter-related variables such as
revenue and expenditure, import and export for different years, marks obtained in different
subjects and so on. The construction of multiple bar diagram is same as for creating a simple
bar diagram. However, to distinguish the bars from each other, different bars are differentiated

by different shades or colors.
Example 3: Represent the following data by a multiple bar diagram
Year Imports | Exports

1991 7930 4260
1992 8850 5225
1993 9780 6150

1994 11720 7340
1995 12150 8145




Statistics

T

Imports
[ ]Export

Soln: The multiple bar diagram for the above data is drawn as below.
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E 5§ § § &
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14000 ®

1993 1994 1995

1992

0 1991

Years —

diagram

Sub-divided or component bar
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Soln:

y N
12000
1200
1 -+
000 900
Lo ] 8(X)__
2
c.; 550 Il College A
2 600+ [ College B
[ ]College C
4(X)__
200
X
0  Realme Redmi One Plus

Mobile phones

2.4 Pie Diagram

A pie diagram is a circle which is divided into parts to show the ratios or percentages of
different components.. They are also known as Angular Circle diagrams. The circle is divided
into as many sections as there are components by drawing straight lines from the centre to the
circumference of the circle.

For drawing a pie-diagram, the following procedure is followed:
(1) The 1st step is to calculate the percentage of every value of the total.

(i) A circle subtends 360° at the centre. Therefore, the total angle i.e., 360° represents
100%.

360°
100

Since, 1% is equal to 3.6°, the percentage of every part is multiplied by 3.6° to give the
proportionate angles.

Thus, 1% = 3.6°
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Example 5: Draw a pie chart to reflect the following expenditure for an ordinary working class
family.

Items % of Total Expenditure
Food 45
Clothing 15
Education 25
Electricity 10
Miscellaneous 5

Soln:
Items % of Total Expenditure Proportionate Angles
Food 45 45%x3.6=162°
Clothing 15 15%x3.6=54°
Education 25 25%3.6=90°
Electricity 10 10x3.6=36°
Miscellaneous 5 5x3.6=18°

Total 360°

According to the degrees of angles at the centre, the circle is divided into five parts. Hence, the
pie diagram for the given data will be represented as :

(A) Graphical Representation of Data
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It is a form of virtually displaying data through the use of graph paper. Graph helps in
visualizing, presenting data and to study the existing relationship between two variables through
different types of graphs. As compared to diagrams, graphs gives more accurate information.
There are different types of graphical representation. Some of the important ones are as follows:

1. Histogram

2. Frequency Polygon

3. Frequency Curve

4. Cumulative frequency curves or ogives.

1. Histogram : One of the important and popular methods of summarizing, presenting discrete

or continuous data. It shows the frequency of numerical data using rectangles.

(1) Locate the class boundaries on the x-axis. These are taken as the bases.

(i) Draw a vertical rectangle on each base whose height is proportional to the frequency of
the class. These frequencies are marked along the y-axis.

Histogram with equal class intervals:

When the class intervals are of equal length, the drawn histograms are known as Histograms
of'equal class intervals. Histogram of equal class intervals includes rectangles with equal width;
however, the length of the rectangles is proportional to the frequency distribution of the class
intervals.

Histogram with unequal class-intervals:

When the class intervals are of unequal length, the drawn histogram are known as
Histograms of unequal class intervals. Histogram of unequal class intervals includes rectangles
with different width; therefore, before constructing a histogram in case of unequal class intervals,
frequency distribution has to be adjusted.

Adjustment of frequencies of unequal class intervals:
1. Determine the class of the smallest interval (lowest class interval)

2. Calculate the adjustment factor using the formula:

Class intervalsof theconcerned class

Adjustment factor for any class = Lowestclass interval

3. Now, adjust the given frequencies using the adjustment factor :

_ Given frequency
Frequency density = Adjustment factor

Example 6: Represent the following information in the form of a Histogram.
Marks : 0-10 10-20 20-30 30-40 40-50
Number of students 16 36 70 50 28

Soln: To represent the above data by a histogram, we proceed as follows :
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The class intervals are of equal size, so plot the class-interval along with x-axis and the
frequency along the y-axis.

N

¥

0+

a)__

50+

40__

30+

20T

10+

0 10 20 30 40 50

Note: Appropriate scale must be taken along x-axis & y-axis to draw the histogram in the
graph paper. The scale which is taken to draw the histogram must be specified.
Example 7: Represent the following data by a histogram :

Wages : 10-15 15-20 20-25 25-30 30-40 40-60 60-80
No. of workers : 14 20 54 30 24 24 16

Soln: Clearly, the class-intervals are not of equal magnitude. So, before constructing the
histogram, frequencies have to be adjusted.

Lowest class intervals in the given frequency distribution is 5.
Form the adjusted table as shown below :

Wages Number of workers Adjustment factor | Frequency density
10-15 14 5+5=1 14+1=14
15-20 20 5+5=1 20+1=20
20-25 54 5+5=1 54+1=54
25-30 30 5+5=1 30+1=30
30-40 24 10+5=2 24+2=12
40 - 60 24 20+5=4 24+4=6
60 - 80 16 20+5=4 16+4=4
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Now, taking the class-intervals along the x-axis and the frequency densities along the y-axis, a
histogram is to be drawn.

30T

No. of workers —

20

101

5 10 15 2025 30 35 40 45 50 55 60 65 70 75 80 *
Weekly wages —

Remarks : (1) Ifthe frequency distribution is discontinuous, convert it into a continuous distribution
and then the histogram is drawn on the continuous base.

(2) For anungrouped discrete distribution, the graphical representation is done in the form of
a Rod graph which is illustrted below.

Example 8 : Represent the following data graphically :

No. of heads Frequency
0 6
1 28
2 36
3 25
4 5
Total 100

Soln: Plotting no. of heads along x-axis and the corresponding frequencies along the y-axis
then we have
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40+

35+

30T

254

20T

15+

10+

54

0 0 1 2 3 4
Frequency Polygon :

Another graphical tool equivalent to a histogram that is used to represent frequency
distribution (continuous or discrete). For an ungrouped frequency distribution, the variable values
are marked on the x-axis and the frequencies are marked along the y-axis. The points thus
obtained are joined by means of a straight lines.

For ungrouped frequency distribution, the mid values of the class intervals are plotted on
the x-axis and the corresponding frequencies are represented along the y-axis.

(A) Construction of frequency polygon for grouped frequency distribution following steps
are required to form a frequency polygon.

Step 1 : Choose the class intervals and then indicate the values on the ones.
Step 2 : Label the x-axis with the mid-value of each class interval
Step 3 : Label the y-axis with the class frequency

Step 4 : Mark a point at the height in the centre of each class interval according to the frequency
of each class interval

Step 5 : Use the line segment to join these spots

Step 6 : The closed figure so obtained is a frequency polygon.
Example 9 : Represent the following data by a frequency polygon.
Goals scored 0 1 2 3 4 5
Frequency : 3 7 8 12 2 5

Soln: For the above data, we first plot the frequency polygon by representing the goals scored
on the x-axis and frequency on the y-axis as follows.
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Frequency Curve :

A smooth, free hand curve drawn through the vertices instead of joining the points by
straight lines as (in the case of frequency polygon). In other words, a frequency curve is a
limiting form of a histogram or a frequency polygon. A frequency curve has the advantage of
showing the skewness of the distribution i.e., whether the curve so obtained is concentrating
more towards one side (left or right) than the other.

From example 10, we can construct a frequency curve as given below.

y T
20+
T
g 15+
5
5
5. 107
e
S
5__

0 2.5 7.5 125 175 225 275 325
Mid-values of class intervals —
4. Cumulative frequency curves or Ogives:

A cumulative frequency curve is obtained by plotting the different class intervals along the
x-axis and the corresponding frequencies along the y-axis and joining these points successively
by free hand curve (smooth curve).
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There are two types of cumulative frequency curve :

(1) Less than cumulative frequency curve

(i) More than cumulative frequency curve.

(i) Less than cumulative frequency curve :

In less than cumulative frequency curve, the less than cumulative frequencies are plotted
against the upper class limits of the respective classes, i.e., plot the upper class limits of each
classes along the x-axis and the corresponding cumulative frequencies along the y-axis, the
required curve is obtained by joining these points successively by a smooth curve.

(i) More than cumulative frequency curve :

In more than cumulative frequency curve, plot the lower class limits of each classes along
the x-axis and the corresponding cumulative frequencies along the y-axis, the required curve is
obtained by joining these points successively by a smooth curve.

(A) Significance of cumulative frequency curve (ogives)

(i) These curves can be serve as a useful tool for determining partition values (values which
the series into a number of equal parts) such as quartiles, deciles and percentiles.

(i) They can also be used to determine graphically the number of observations that lie above
(or below) a particular value in a given data set.

Example 10 : Represent the following data by a frequency polygon.
Classintervals : 5-10 10-15 15-20 20-25 25-30
Frequency : 7 10 18 13 5

Soln: Let us first set up the table by including two more classes and then finding the mid values
of all the classes.

Class intervals Mid value Frequency
(C.I) (x) N
0-5 2.5 0
5-10 7.5 7
10-15 12.5 10
15-20 17.5 18
20 -25 22.5 13
25-30 27.5 5
30-35 325 0

Now, plotting the mid values along the x-axis and the frequencies along the y-axis, we draw a
frequency polygon by taking appropriate scale as follows :
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0 25 75 125 175 05 275 25

Mid-values of class intervals —

Remark : From the above example, addition of two classes, the lowermost and the uppermost
classes are added to the given distribution and these two classes are assumed to have zero
frequency. The end points of the line graph already drawn are joined to the middle points of the
two added classes to obtain a closed figure which is called a frequency polygon.

Example 11 : Draw the cumulative frequency curve for the following data set.
Marks group : 0-10 10-20 20-30 30-40 40-50 50-60 60-70
No. of students : 4 8 11 15 12 6 3
Soln: The table of cumulative frequencies is as follows :

Marks group No. of students Less than More than
cf cf

0-10 4 4 59

10-20 8 12 55

20-30 11 23 47

30-40 15 38 36

40 -50 12 50 21

50 - 60 6 56 9

60 -70 3 59 3

For obtaining less than cumulative frequency curve, we take the marks along x-axis and cf
along y-axis, we plot the less than cumulative frequencies, viz., 4, 12, 23, 38, ...., 59 against the
upper limits of the corresponding classes, viz., 10, 20, 30, ...., 70 respectively and join the points
by a smooth curve.

For obtaining more than cumulative frequency curve, we take the marks along x-axis and cf
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along y-axis, we plot the more than cumulative frequencies, viz., 59, 55, 47, ..., 3 against the
lower limits of the corresponding classes, viz., 0, 10, 20, 30, ....., 60 respectively and join the
points by a smooth curve.

Less than ogive

More than ogive

i 1 I § o | F L N

0 10 20 30 40 50 60 70 7

From the above figure, the point of intersection of both the curve gives the median of the data
set.
Exercise

What are the purposes does diagrams and graphs serve?
Point out some differences between diagrams and graphs.
Mention different types of diagrams.

-

What do you mean by bar diagram? Write down the important steps one should keep in
mind while constructing a bar diagram.

Describe multiple or compound bar diagram.
Explain pie chart / diagram. Mention the usual steps in constructing a pie chart.
How do you represent data in a graphical form?

® N W

What are the different types of graphical representation of data?
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9. Define Histogram. Differentiate between histogram with equal class intervals and unequal

class intervals.

10. Define frequency polygon. How do you construct a frequency polygon?

11. What do you mean by frequency curve? Mention one advantage of frequency curve.

12. Describe cumulative frequency curves or ogives.

13. Mention one difference between "less than" cumulative frequency curve and "more than"
cumulative frequency curve. How can you obtain the median in an ogive?

14. Explain the significance of ogives.

15. Consumers were polled about their favourite ice-cream flavours in a survey. Draw a bar
diagram for the following data :

Flavour of ice-cream Frequency
Vanilla 16
Strawberry 5
Chocolate 12
Mint chocolate 3
Others

16. Prepare a multiple bar diagram of the following data :

Faculty Number of students

2014-15 2015-16 2016-17
Arts 600 550 500
Science 400 500 600
Commerce 200 250 300

17. A person spends his time on different activities daily (in hours)

Activity Office Exercise | Travelling | Watching | Sleeping | Miscellaneous
Number 9 1 2 3 7 2

of

hours

Draw a pie chart for this information.
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18. Draw ahistogram for the following data distribution :
Class intervals 50-60 | 60-70 | 70-80 | 80-90 | 90-100 | 100-110
Frequency 30 25 45 15 20 40
19. Draw a histogram and a frequency polygon from the following data :
Wages in (Rs) 500-600 | 600-700 | 700-800 | 800 -900 900 - 100
No. of workers 15 37 52 26 10

20. Draw the ogives for the following frequency distribution of marks of 100 students in a

class.
Marks 20-30 |30-40| 40-50 |50-60 | 60-70|70-80 | 80-90 | 90-100
No. of students 7 11 24 32 9 14 2 1
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Unit II1 :
Measures of Central Tendency

II1.1 Introduction :

For any statistical investigation, an investigator begins with collection of data is numerical
facts. The data so collected are called raw materials. It is from these raw materials the
investigators analysis the data after proper classification and tabulation. For analysing the data,
we cannot deal with the whole series of data. There is a necessity for some single measurement
which may give the summary description of the characteristics of a large group of variables.
This single value represent the middle most value of the lowest and highest value of the tabulated
values. Measures of central tendency popularly known as AVERAGES serve this purpose. An
average represents the entire statistical tabulated data which lies somewhere between the
largest and smallest observation and generally it is located in the centre of the distribution.

II1.2 Definition of Average :

A measure of central tendency or an average of a certain distribution is a representative
value of that distribution which enables us to comprehend in a single effort the significance of
the whole. According to the great statistian Clark, "Average value is a single value within the
range of the data that is used to represent all the values in the series. An average value lies
somewhere in the middle part of the data, it is sometimes called the "Measure of Central
Tendency".

Measure of central tendency or averages are also known as measures of central location.
IIL.3 Characteristics of an Ideal Average :

An average is considered as an ideal average, if it possess the following characteristics—

(1) It should be easy to calculate and easy to understand.

(i) It should be based on all the observation of series.

(iii) It should be rigidly defined.

(iv) It should not be affected by fluctuations of sampling.

(v) It should not be affected by extreme values.

(vi) It should be capable of further algebraic treatment.
> Notion :

The Greek alphabet Y. (Capital sigma) is used to represent sum. For example: If the

variable x takes the values x;,x,,x5,.......x,, then the sum of these values of x is x;,x5,x5,......x
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n
denoted by in and it means that lower limit of i is 1 and upper limit of i is n and i takes the
i=1

values 1, 2, 3, ...... , N.

i=l1

Some rules of > :

8 5
Example 1 : Find the value of (i) Zi , (i) Ziz
' i=1

i=1

Solution:

8
() 2 i=1+2+3+4+5+6+7+8=36
i=1

(ii) iiz =12 +2%+3% +4% 4+ 57
i=1
=1+4+94+16+25=55
III.4 Different Measures of Central Tendency Or Average :
The different measures of central tendency or average are as follows :
1. Mean, 2. Median, 3. Mode
1. Mean : There are three types of mean -
(a) Arithmetic Mean (A.M.)
(b) Geometric Mean (G.M.)

(c) Harmonic mean (H.M.)
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1. (a) Arithmetic Mean (A.M.) : The A.M. of a given set of observation is defined to be
the sum of values of observations and dividing the total by the number of observation. It is

denoted by the symbol ¥ of the variable x.

I. A.M. for Discrete or Individual Series :

Let x;,x,,x3,......,x,, are n observations. Then their A.M. is given by

Example 2 : Find A.M. of the following -
® 3,7,9,11,15
@i -4,-1,0,5,7,11

Solution:

3+7+9+11+15 45
5 5

9

(1) The required A.M.

. . -4-14+0+5+7+11 18
(i) The required A.M. = p =€=3

II. A.M. for Ungrouped or Individual Frequency Distribution :

Let x;,x5,X3,.......,x, are n values of the variable x and f, 15, f3,......, f, are their

respective frequencies.

fixl +f2)C2 +fE;X3 T+ +fnxn

x= fH+ o+ i+ + f
= — f;:N
i:1fi where ;
o2
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Example 3 : Find the A.M. of the following distribution :

Age (years) : 14 15 16 17 18 19 20

No. of students : 6 9 10 7 5 3 2
Solution :

Table : I11.1
Age (x) : 4 15 16 17 18 19 20 Total
Students (f) 6 9 10 7 5 3 2 N=42
fxx 84 135 160 119 90 57 40 2 fx =685
. X(fxx) 685

. X)=—"——=+=—-=16.30
L AM () == 5

III. Short Cut Method or Assumed Mean Method :

When the values of variable x and their respective frequencies are not large then we can
directly apply above formula.

When the values of either x or f or both are large then estimation of Arithmetic mean by
this method is time consuming. In such case arithmetic mean is estimated by applying either
shortcut method or step-deviation method.

Let the variables x takes the values x,x,,x;,.....,x, and let the deviations of these
values of x from a constant A (A is called assumed mean of x) be d,,d,,ds,.......,d, respectively.
ody=x-Ai=1,23,...n
=>x;=d;+A
(a) Incase of Individual Series :

D> x i(Aer,.) iA+idi
_l=1

Fodzl i _i=l =l

n n n
n
nA 24 >d
¥=— il A 2T
n n n

(b) Incase of frequency distribution :

N
IV. Step-Deviation Method :

’ d ’ ’ _A
Let d'="=d=dh where d =x7
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(a) Incase of'individual series :
T A4 & _ 2dh

X
n

A+

(b) In case of frequency distribution :

2 fd’

n

X=A+ x h

Example 4: Using Shortcut or Assumed mean method find A.M.
Weight (kg) 30 40 50 60 70 80
No. of Persons 6 10 16 8 6 4

Solution : Let weight of person be x and number of persons be f°

Table : 1I1.2

Weight (kg) (x) | No. of Persons (f) d=x—A=x-50 fd
30 6 -20 —-120
40 10 -10 —100
50 16 0 0
60 8 10 80
70 6 20 120
80 4 30 120
2 f=N=50 2 fd =100

Let assumed mean, A = 50

E=A+M=50+m:50+2
N 50

=52kg
Example 5: Using step-deviation method find A.M. of the following :
Wages (Rs.) : 0-10 1020 20-30 30-40 40-50
No. of workers : 15 28 37 23 17

Solution : Let wages be x and no, of workers be 1
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Table : 1113
: 4
Wages (x) | Mid value Frequency d=x-A d'= T fd'
(x) )] =x-25
0-10 5 15 -20 -2 -30
10-20 15 28 - 10 -1 -28
20-30 25 37 0 0 0
30-40 35 23 10 1 23
40-50 45 17 20 2 34
N=120 2 fd'=-1
Let, A=25
X=A+ Zi xh

:25+_—1><10=25—0.83=24.17
120

V. Weighted Average :

The quantity of a series which are relatively more or less than one another quantity is
called weight.

The average obtained by giving due weight to the quantities of a series is called weighted
average of the series.

Let the weights attached to the quantities x;,x,,X3,......,x, be w,wy,ws,.cc..uw
respectively. The weighted mean of these quantities is given by -

Uses of weighted mean :

(i) Weighted mean is used for the series whose weight of each quantity is not equal.
(i) Weighted mean is used to find mean of the mean of subseries of the series.

(i) Weighted mean is used to find the average value of ratio and percentage.

Example 6: The marks obtained by three students A, B and C in Accountancy, Business
Studies and Banking out of 100 in each subject in a test are as follows :
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Accountancy Business Studies Banking
A 50 60 70
B 65 40 60
Cc 60 50 45

Rank the students if weights are given as below :
40%, 20%, 30%
Solution : Let, x, y and z denote the marks obtained by A, B and C in Accountancy, Business
Studies and Banking respectively.

Let ¥,y and z denote the weighted averages marks obtained by A, B and C resepctively.
50x40% + 60x20% + 70x30%

x=

40% + 20% + 30%
20412421
04402403
=§—;=%=58.88
_65%40% + 40x 20% + 60 30
YT 40%+ 20% + 30%
_ 26+8+18
04402403
=§—?9=%=57.77
_ 60x40% +50x 20%+ 45x30%
40% + 20% + 30%
_24+10+13.5
04+02+023
=%=%=52.77

From above we find that the ranking position of A, B and C become 1st, 2nd and 3rd
respectively.

Properties of A. M. :
1. The algebraic sum of deviations of a set of values from their A.M. is zero.

Proof: Let the values of a variable x are x;,x,,x3,.......,x, and their corresponding frequencies
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are f1, fo, f3seeeen S

We are to prove that -
(i) X(x; —x)=0, for individual data.
a X f,-(xi - )_c) =0, for grouped data.

(i) Now, LH.S.= ¥(x, - ) {EZA'M;%;N:Z]”}
=X —2X
=n—2x;—nxX" Zc-nc
=nx-nx=0
(i) LHS. =Yy -%)
=2 fix; =2 f;x
“NE fx, TN

=N¥-¥N=0 [Xf =N]
=NX-Nx=0
2. If therelation between two variables x and y is y =« + bx, whee a and b are constants

then y =a+bx
Proof: y=a+bx
Taking 3 both side,

Yy =X(a+bx)
b
= % = ia 2 [dividing both side by n]

:>)7:E+b)_c:>)7:a+b)_c
n

3. The sum of the squares of deviations of a variable about mean is the least. Mathematically,

Y (x; — 4)* is minimum when 4 =X, where A is any arbitrary value.
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Proof: Let S be the sum of squares of the deviations of the values from any arbitrary
value.

=X(x; - 4)?
(

=X -x+x-A)
(5~ 2P (F- P 2~ ) - )
=X %) + ( ~Af +0

=2(x; - %) +n(¥ - 4)

The value of S will be the least when n(y - A)2 becomes the least is zero.

-4y =0
—=X-A=0,x=4

4. If ny and n, are number of observations of two series of data and x; and X, are their
respective mean of the two series then

_ mX+n,Xx
5= X X,
n1+n2

5. Ifall the observations of a series are added, subtracted, multiplied or divided by a constant,
the mean is also added, subtracted, multiplied or divided by the same constant. For example:
The mean of 20 observations is 60. If each observation is increased by 5 then the new
mean will be 60 + 5 = 65. If each observation is multiplied by 3, then the mean also
multiplied by 3; and the new mean is 60 x 3 =180.

Example 7 : In a competitive test in the subject mathematics 200 candidates appeared of
whom 120 were boys and 80 were girls. The mean score of boys is 60 and that of girls is 40.
Find the mean score of the 200 candidates.

Solution :
Let the number of boys =n; =120
Number of girls = n, =80
and let mean score of boys =x; =60
Mean score of girls =x, =40
The mean score of the 200 candidates,
S mx +nyX, 120x60+80x40

ny +n, 120+ 80
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_7200+3200
200

10400
200
Example 8 : In Higher Secondary Examination of Business Mathematics and Statistics average

marks obtained by boys was 70 and that of girls was 60. The mean marks of all the students
was 65. Find the ratio of the boys and girls and the percentage of boys and girls.

52

Solution :

Let the number of boys = n,
The number of girls = n,
Average marks of boys =Xx; =70

Average marks of girls =X, =60

Average marks of boys and girls = x = 65

_ mX; +n,X
-y = X T X
n1+n2
ny x70+n, x 60
= 65=-1 2

I’l1 +n2
= 65(n, + 1, )=70n, + 60n,
= 65"1 _707’11 = 60]’12 _65n2

= - 51’!1 = _5”[2

m
> —=

)

n 1
=>—=-

n2 1
sonpiny =1:1

x100% = 50%

1
. Number of boys = 11

1
Number of girls = YRS 100% = 50%
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Example 9 : The average marks in mathematics of 100 students in a class is 70. The average
marks of 60 boys is 64. Find average marks of girls in the class.

Solution : Let number of boys = n; =60

Number of girls = n,

Total students = 100

oy +ny =100
= 60+n, =100
= n, =100-60
=n, =40

Let, x; =average marks of boys = 64
x = average marks of students = 70

X, = average marks of girls

_ mX; +n,X
We have, * = L
n1+n2
:>7O=60><64+40><)_c2
100

= 70x100 =3840 + 40X,
= 7000 —3840 = 40X,
= 3160 =40x,

= 40x, =3160

=210 _gg

. Average marks of girls = 79.

Example 10 : The relation between the two variables x and y is 4x -5y +8 =0 and average
value of y is 4, then find the average of x.
Solution :

4x-5y+8=0

=4x+8=5y
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=5y=4x+8

= 5y =4x +8 where x and y are their average value

=>5x4=4x+8

=20-8=4Xx
=4x =12
_ 12
=>x=—=3
4
=x=3

Advantages (Merits) and Disadvantages (Demerits) of A.M. :
Advantages :
(i) A.M. is easy to understand and easy to calculate.
(i) A.M. is based on all the observations of the distribution.
(iii) The formula for A.M. is rigidly defined.
(iv) A.M. is least affected by the fluctuation of sampling,.
(v) A.M. is the best measure to compare two or more series.
(vi) A.M. is suitable for further mathematical treatment.
Disadvantages :
(i) It cannot be determined by inspection.
(i) A.M. cannot be measured for open end class interval.
(@ii)) A.M. is very much affected by extreme observation.
(iv) A.M. cannot be used for qualitative characteristics like beauty, honesty, etc.
Uses of A.M. :
(i) Common people uses A.M. for different average values.
(i) Businessman uses A.M. to find average cost, average profit etc.

(iii) A.M. is used in practical statistics.

Problems Related to Some Special Forms :
Case I : Frequency distribution having open-ended class interval :
Example 11 :

Marks No. of Students
0 and above 3
10 and above 4

20 and above 13



Measures of Central Tendency 265

30 and above 10
40 and above
50 and above 3

Find A .M. of the distribution

Solution : In the problem, one end of the class is not mentioned, e.g. 0 and above, 10 and
above etc. Such classes are known as open class interval. First we will convert the open class
into closed class interval.

Table : 111.4

Classs Mid value (x) | Frequency (f) fx
0-10 5 3 15
10-20 15 4 60
20-30 25 13 325
30-40 35 10 350
40-50 45 7 315
50-60 55 3 165
2 f=N=40 2 f=1230

nxe 8120504
Yf 40

Case II : When prequencies are given in cumulative form :

Example 12: Calculate A.M. from the following :
Age below (years) : 10 20 30 40 50 60 70 80
No. of persons dying : 15 30 53 75 100 110 115 125

Solution : First we convert the cumulative frequency to frequency and individual value to
class interval.
Table : II1.5

Age below | Class Interval | No. of persons | Frequency | Mid-value fx
(in years) (In years) dying )] (x)
10 0-10 15 15 5 75
20 10-20 30 30-15=15 15 225
30 20-30 53 53-30=23 25 575
40 30-40 75 75-53=22 35 770
50 40-50 100 100-75=25 45 1125
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60 50-60 110 110-100=10 55 550
70 60-70 115 115-100=5 65 325
80 70-80 125 125-115=10 75 750
Yf=N=125 4395
A.M.:f:ﬁ=@=35.16
>f 125

Case III : When one or two frequencies are missing :

Example 13: Find the missing frequency f, from the following data when mean is 15.38
x: 10 12 14 16 18 20
Soo2 7 f 20 8 5

Solution :
Table : 1116
X f fx
10 2 20
12 7 84
14 f 14f,
16 20 320
18 8 144
20 5 100
Y =42+ 1 Y fe=14f +668

We have, ¥ =15.38

)_C:fo:14f1 +668
and > 01

14 1, + 668
42+ f|

=15.38=

=15.38(42 + f;) =141, + 668
= 15.38x42+15.38 f, =14 f, + 668
= 645.96+15.38 f; — 14 f, = 668
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= 1.38f; = 668 — 645.96
= 1.38f, = 22.04

267

= f =w=%=15.97~16
1.38 138
Example 14 : Find the missing frequency f, and f, if the A.M. is given 50.
Class : 0-20 20-40 40-60 60-80 80-100 Total
Frequencies : 17 /i 32 f, 19
Solution :
Table : I11.7
Classs | Mid value (x) Frequency (f) d=x—-A4 fd
=x-50
0-20 10 17 40 - 680
20-40 30 /i -20 - 207,
40-60 50 32 0 0
60 - 80 70 1, 20 20f,
80-100 90 19 40 760

2f=N=68+fi+1,

Y fd =80+20 f, —20

_ d
We have, X = A+sz ......... (1)

Given that x =50, d = x— 4, A = Assumed Mean

A=50
Y f=N=120
68+ fi+ fr,=2f=120
= fi+ f, =120-68

= fi+f,=52 ... ()
(1):>)?—A+M

N
050, 30+20/, =201,

68+ f1+ />
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80420, —20f,

=50-50=
68+ f1+ /5
0_80+20f2—20f1
68+ 11+ />

=0=80+20f, -20f
=20f; —20f, =80
=>fi—-fr=4 . 3)
{2)+ @)= 21 =56

56
:>fi=7

= f,=28
From (2), f,+ f, =52
=28+ f, =52
= f,=52-28=24
Case IV : When class intervals are given in overlapping form :

In this case overlapping classes are converted to non-overlapping classes. Then x is
found in the usual manner as discussed earlier.

Example 15 : Find the mean weekly wages :

Wages (Rs.) : 3040 30-50 30-60 30-70 30-80  30-90

No. of workers : 8 28 68 86 96 100

Solution :

Calculation of A.M. after converting into non-overlapping class

Table : 1118
Age Age | Frequency Frequency |Mid-value | ¢ = x— 4|d’ =% fd'
in years| in years (cf) N (x) =x-55

30-40 | 30-40 8 8 35 -20 -2 -16
30-50 | 40-50 28 20 (28 -8) 45 -10 -1 =20
30-60 | 50-60 68 40 55 0 0 0
30-70 | 60-70 86 18 65 10 1 18
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30-80 | 70-80 96 10 75 20 2 20
30-90 | 80-90 100 4 85 30 3 12

> f=N=100 Yfd =14

Let,A=55,h=10

.'.)?:A+Zi><h

:55+£x10
100

=55+1i9
100

=55+14=564
1. (b) Geometric Mean (G.M.)
(i) Geometric Mean of Discrete Non-Frequency Distribution or Unweighted :

Let the variable x takes the values x;,x,,x3,.......,x,. The nthroot of the product of these
n values is called the geometric mean of x and it is denoted by the letter G or G.M.

g G=(x1 X Xy X X3 X xxn)n
Taking log to both side,

logG =l[logx1 +logx, +logx; +...... +1ogxn]=l[21ogxi]
n n

. G= Antilog[l {Zlogx, }}
n

Example 16 : Find GM. of 3, 6, 24 and 48.
Solution : It has 4 quantities

£ G.M.=(3x6x24x 484
=(3><3x2><3><23x3><24)%

=(34><24><24)%

4xl axl 4x1
=3 4x2 4x2 4

=3x2x2=12
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(ii) Geometric Mean of Discrete Frequency Distribution or Weighted :

Let £, f5, f35.eeees f,, are respective frequency of x;,x,,xs,.......,x,, , then

. 1
GM.= (xlf” ><x2f2 ><x3f3 X xxnf” )N where N=3 f

G.M.:]\\f/xlﬁxxz-/ixx3f3x ....... XX,

G.M.=(xlf1 xx2f2 ><x3f3 Xoaerene xxnf” )W
Taking log to both side; we have

1
logG.M.zﬁ[logxlf1 +10gx2f2 -l—logx3f3 Forenn +10gxnf”]

logG.M.=—|flogx, + f5logx, + f3logx; +....... + f, logx, ]

1
ol

logG.M.=—[3 f;logx; |

=

=>GM.= Antilog[%Z(fi log x; )}

—_

If we write f; =w; and N =X w;; then weighted GM. = Antilog z

Example 17 : Find G.M. of the following distribution :
Marks : 0-10 10-20 20-30 30-40 40-50
Students : 3 7 10 6 2

Solution :
Table : 1119
Mark Classs Students (f) Mid-value (x) logx flogx
0-10 3 5 0.6990 2.097
10-20 7 15 1.1761 8.2327
20-30 10 25 1.3979 13.979
30-40 6 35 1.5441 9.2646
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40-50 2 45 1.6532 3.3064

N=Yf=28 Y flogx =36.8797

s logG =L2flogx

N
1
=—x36.8797

28

logG =1.317

-G = Antilog(1.317)
G =20.75
Advantages (Merits) and Disadvantages (Demerits) :
Advantages :

(i) GM.isrigidly defined.

(i) GM. is based on all the observations.

(ii)) It is suitable for further mathematical treatment.

(iv) Itis less affected by extreme fluctuations-of sampling.

(v) As compared to A.M., GM. is less affected by extreme values.

Disadvantages :

(i) GM. is not easy to calculate and not easy to understand.

(i) GM. cannot be deteremined if a series contain at least one negative value.

(iii) If any one of the observations is zero, G.M. becomes zero.

Uses of GM. :

(i) GM. is used in the construction of Index number.

(i) GM. is used in averaging ratios, rates and percentages.

(iii) Since population increases in geometric progression, the formula for G.M. is used.
1. (¢) Harmonic Mean (H.M.) :

The reciprocal of the arithmetic mean of the reciprocals of the values of a distribution is
called the harmonic mean.
Harmonic Mean of Discrete Non-Frequency Distribution :

Let, x;,x,,X3,......, X, are given set of n observations then their H.M. which is denoted by
H is given by
ettt t— LI
XXy X3 X, “x x
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Example 18 : Find H.M. of 5, 10, 15, 20
Solution : H.M. of 5, 10, 15,20 is

4 4
H: —
l+i LJFL 0.2+0.1+0.07+0.05
5 10 15 20
_ 4
0.42
20 g5
42
Harmonic Mean of Discrete Frequency Distribution :
Let x;,x,,X3,......x, are n observations and fi, 15, f3,....... f, are their respective

frequencies then their H.M. is defined as -

i fitHh+ i+ + fr
A+Q+é+ ....... +& Zn“ﬁ Z(fj

X1 X X3 Xn X

If we replace f; =w, ; then weighted H.M. = i W,
Xi

Example 19 : Marks obtained by 20 students are given below. Find Harmonic Mean.
Marks : 0-10 10-20 20-30 3040 40-50
Students : 2 5 8 3 2

Solution : HM
Table : I11.10

1
Classs f Mid-value (x) — §

=

=0.2 2x0.2=0.4

D | —

0-10 2 5

10-20 5 15 5o 067 5%0.067 =0.335




Measures of Central Tendency

1
20-30 8 25 52'04 8x0.04=0.32
1
30-40 3 35 §=-03 3%0.03=0.09
1
40-50 2 45 4—5=-02 2x0.02=0.04
f
Y f=20 Z[; =1.185
H:z—j;:%ﬂé.ss
Zi .
X

Advantages and Disadvantages H.M. :

Advantages :
(1) H.M.isrigidly defined.

(i) H.M. is based on all observations of the distribution.

(ii)) It is suitable for further mathematical treatment.

Disadvantages :

(1) H.M. is is dfficult to calculate and at the same time it is difficult to understand.

(i) H.M. cannot be deteremined if a series contain at least one zero value.

(i) H.M. give more weights to the smaller values.

Uses of H.M. :
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The harmonic mean is useful in averaging time rates and finding the average price per

unit.
Relation Among A.M., GM. and
(@) AM.>GM.>HM.

H.M. :

Proof: Let x; and x, be two positive quantities and

AM. =555 GM.= [x xxy, HM.=
2

Now, A.M.—G.M.le-’_x2 -

W[xlxxz

1

X1

2

1

2%)



W + (s f =24, :(\/X—I_E)z
2 2

Squares of a real quantity is always a positive quantity.

SITAR

=>AM.-GM.20

> AM.>2GM. ..........
Again,
2
GM.-HM.= xlxxz—l ;
7+7
X X
:ﬂxlxe_ 2
x1+x2
X1 X2
ZXIX2

B

o (@m]

X1 +XZ

Statistics



Measures of Central Tendency 275

7O and ([ >0

Since, x; >0, x, >0, x;x, >0, X+,

@(\/x_l_—\/x_z)zzo

X1 +XZ

=>GM.-HM.20

SGM.>HM. ... (2)
From (1) and (2), we have A.M.>G.M.> H.M.

(b) Forany two positive numbers A4.M.x H.M.=(G.M.)*

Proof: Let x; and x, be any two positive numbers, then

2
AM. =172 Gar =[xy, HM.=
2 1 1
7_,_7
X X
X+ X 2
o AMXHM. =" "2
2 b1
X X
_Ntx 2
- 2 xl + X2
X1 X2
_ xl +x2 % lexZ
2 xl + X2
2)(:1)(:2
AMXHM: lexZ

AM XHM.=+/(x,x,F =(G.M.)*
S AM.XHM.=(G.M.)?

Example 20 : The A.M. and GM. of two numbers are 7 and 5 respectively, determine the

H.M.
Solution: We know that, AM.x H.M.=(G.M.)>
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(GM.)
AM.
Given that AM.=7 and GM.=5

=>HM. =

2
.'.H.M.:5—=£:3.57
7 7
Example 21 : The GM. and H.M. of two quantities are respectively 18 and 10.8. Find the two

quantities.
Solution: Let the two quantities be x and y

SGM.=4xy =18
= xy=324..... (1)
HM.= 2 =10.8
7+7
Xy
= 2 =10.8
x+y
xy
=2 _108
xX+y
N =10.8=5'4
xX+y 2
324
= =54
oy A by (D)
Ly B30
y 54 sa O e 2)
(H=>xy=324

= x(60 — x) =324 [by equation(2)]
= 60x— x> =324

= x? —60x+324=0

= x? —54x—6x+324=0
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= x(x—-54)-6(x—-54)=0
=>(x-6)(x-54)=0
Either x—6=0 or x—54=0
x=6 x=54
From (1); xy =324
When, x =6, xy =324

= 6y =324
324
—y="""=54
"6
When, x =54, xy =324
— 54y =324
324
=>y=—2=6
7" 54

The two quantities are 6 and 54.

2. Median

Definition :

Median is the middle value of the distribution which divide the distribution into two equal
parts. According to Prof. L.R. Connor- "The median is that value of the variable which divides
the group into equal parts, one part comprising all values greater and the other, all the values
less than the Median."

Atthe time of determining median, the observations are arranged in ascending or descending
order.

2.1 Median of Discrete Non-Frequency Distribution or Individual Series:
Case I : When n is odd :
Let the total number of observations '#' is odd numbers and the observations are arranged

n+1
either in ascending or descending order then the (T) th value from the beginning or from
the end will be the median.
Case II : When n is even :

If the total number of observations 'n' is even and after arranging the observations either

n n
ascending or descending order then the arithmetic mean of the Eth value and the (E + IJ th

value will be the median.
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Example 22 : Determine median for the following series :

(M)

44,43,42, 40, 45, 49, 48

() 84,23,76,48,22,60,28,50
Solution :

V)

(1)

Arranging the values of the series in ascending order; we get

40,42,43,44,45, 48,49

Here n = 7 = odd number

T+1

. The required median is =~ — 4th term = 44

Arranging the values of the series in ascending order; we get

2

22,23,28,48,50, 60,74, 76,84

Number of terms n = 8

n 8
Now, Eth term = 5= 4th term = 48

(g+ljth term :(%+lj =(4+1)=>5th term = 50

48+50 98

. The required median = = 49

2 2

Example 23 : Find median of the following data :

Weekly salary (Rs.): 15 16 17 18 19
No. of workers: 6 6 12 23 30 9
Solution:
Table : IIL.11
Weekly salary No. of workers cf
(x) )
15 6 6
16 12 18
17 23 41
18 30 71
19 9 80
>f=8=N

Statistics
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N =80; even g=%=40 and %+1=40+1=41

From the c.f. of the above table, we have 40 and 41 lie between 18 and 71.
Since 17 is the c.f. of 41.

Hence each of the 40 and 41st terms will be 17. Hence the required median is 17.

2.2 Median of a Grouped Frequency Distribution :

In order to determine the median of a grouped distribution, we have to find out the median
class from the distribution. To locate the median class intervals, following are the necessary
steps.

Step I : Firstprepare less than cumulative frequency distribution.

N
Step II : Iftotal observationis N, find bR

N
Step III : Find nearest c.f. just greater than o

Step IV : The class which corresponds to this c.f. is the median class.

Step V: The value of median is obtained by using the following formula.

N
——c.f
Median (me) = ¢ + -2 ; x h

Where, [ = Lower limit of median class
N=Xf
c.f.=Cumulative frequency of the class preceeding the median class
h = Width of the median class
Calculation of Median for Various Types of Series :

Type I : When cumulative frequency distribution is less than type :

Example 24 : Following are the marks obtained by 200 students in Business Statistics. Find
Median.

Marks lessthan: 10 20 30 40 50 60 70
No. of students: 15 35 60 84 96 127 200
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Solution:
Table : I11.12

Marks less than Marks No. of students Frequency (f) c.f.
10 0-10 15 15 15
20 10-20 35 35-15=20 35
30 20-30 60 60-35=25 60
40 30-40 84 84 -60=24 84
50 40-50 96 96 -84 =12 96
60 50-60 127 127-96 =31 127
70 60-70 200 200-127=173 200

2 f=N=200
N 200

= - —=—-=100
Here, N =200; 5 )

-. The c.f. just higher than 100 is 127.
The median class is 50-60

N
——cf.
We know, Median = 1+2T>< h

100-96
31

=50+ x10

:50+%:50+1.29=51.29

Type II : When cumulative frequency distribution is more than type :
Example 25 : Following are the marks obtained by 80 students in Business Mathematics. Find
Media.

Marks above : 0 10 20 30 40 50 60 70 &8 90 100

No. of students: 80 77 72 65 55 43 23 16 10 8 0

Solution:
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Table : II1.13

Marks above Marks No. of students Frequency (f) c.f.
10 0-10 80 80-77=3 3
20 10-20 77 77-72=5 8
30 20-30 72 72-65="1 15
40 30-40 65 65-55=10 25
50 40-50 55 55-43=12 37
60 50-60 43 43-23=20 57
70 60-70 23 23-16=17 64
80 70-80 16 16-10=16 70
90 80-90 10 10-8=2 72
100 90-100 8 8-0=28 72

100-110 0 80
2 f=N=280
N 80

— =—=40th
5 5 term

. ¢.f. just greater than 40 is 57.
. Median class is 50-60
. 1=50,cf=37,h=10,f=20

ﬂ—c.f.
Median = l+2—><h
S

=50+1.5=51.5

Type III : Exclusive type of class interval:
Example 26 : Determine the median for the following distribution.
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Marks : 5-10 10-15 15-20 20-25 25-30 30-35 35-40 40-45

No. of students : 5 6 15 10 5 4 3 2

Solution: Since classes are continuous i.e. 5-10, 10-15 etc. One number is repeated, we should
exclude 10 in the first class and so on.

Table : I11.14

Marks No. of students (f) c.f.
5-10 5 5
10-15 6 11
15-20 15 26
20-25 10 36
25-30 5 41
30-35 4 45
3540 3 48
40-45 2 50

YXf=N=50

N 50
—="—=25th
> 5 term

.. ¢.f. just greater than 25 is 26.
. Median class is 15-20

s 1=15c.f.=11, h=5, f=15

ﬂ—c.f.
Median :l+2—><h
f

25-11
X
15

=15+ 5

=15+ 14
3
=15+4.66=19.66
Type IV : Inclusive type of class interval:
Example 27 : Find median from the following distribution.
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Marks : 30-34 35-39 40-44 45-49 50-54

No. of students : 5 11 26 10 8

Solution: The data is given in inclusive form of class interval as both are included in the class
30-34.

First we have to convert into exclusive form by taking class boundaries.

Table : II1.15

Weight (kg) Class Boundary | No. of persons (f) c.f.
30-34 29.5-345 5 5
35-39 34.5-39.5 11 16
40-44 39.5-44.5 26 42
45-49 44.5-49.5 10 52
50-54 49.5-54.5 8 60

2f=N=60
N 60

—=—=30th
5 5 term

-, ¢.f. just greater than 30 is 42.
. Median class is 40-44

o 1=40,c.f.=16,h=5, f =26

E—c.f.
Median:l+2—xh
f

:4O+E
26

=40+2.69=42.69
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Type V : To find missing frequency when median is given.
Example 28 : In the following frequency distribution, two class frequencies f,and f, are

missing but the median value of the given data is 46. Find the missing frequencies f; and f, .

Classes : 10-20  20-30 30-40 40-50 50-60 60-70 70-80  Total
Frequencies : 12 30 f 65 o 25 18 229

Solution: Given Median=46; N =} f =229

N
——c.f.
We know that, Median = Z+ZT><1' ........ (1)
Table : III.16
Classes Frequencies c.f.

10-20 12 12
20-30 30 42
30-40 f 2+ f
40-50 65 107+ 7,
50-60 fo 107+ fi+ 1>
60-70 25 132+ fi+ /5
70-80 18 150+ £ + f>

N=Xf=150+f+ 1,

Now, 150+ f; + f, = N =229
= fi+f,=229-150

= H+=T79 2)

-+ Median is 46 which lie 40-50

. Median class is 40-50

S 1=40, f=65cf.=42+ f, h=10

22 @2+ 1)

() >46=40+—2—— " "x10
65
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229-84-2f,
—46-40=—2 410
65
jmszwxm

:390=wx10

=39x2=220-84-2f

=78=145-2f;

=2f=145-78

=2f=67

= f,=335
2)=A1+1,=79

=335+ /,=79

= f,=79-335=455 v £ =N =100
Type VI : When Mid values are given :

Example 29 : Calculate median from the following :

Mid value : 15 25 35 45 55
Frequencies: 4 10 26 8 2

Solution: In the given problem mid values are given. The difference between two consecutive

d 10
mid values is d = 10 and therefore B} = > =5 have to be subtracted from mid value to get

d
lower limit and 5 =35 must be added with mid value to get upper limit. Example 15-5 = 10

lower limit 15 + 5 =20 is upper limit etc.

Table : I11.17

Mid value Class interval Frequency c.f.
15 10-20 4 4
25 20-30 10 14
35 30-40 26 30
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45 40-50 8 38
55 50-60 2 40
Y f=N=40
N 40
Here N = 40, R 20th term

.. Median class is 30-40
s 1=30, f=26,c.f.=14+ f1, h=10

E—c.f.

- Median =l+2—><h
f

=30+

=30+

30-14
26

16x10
26

160

x10

=30+—

26

=30+6.14=36.14
2.3 Advantages and Disadvantages of Median :

Advantages :

(i) It is easy to calculate and easy to understand.

@) Itisrigidly defined.

(ii)) It is not affected by extreme observations.

(iv) Median is most suitable average for open-end classes.

(v) Median sometimes can be located by simple inspection.

(vi) Median can be calculated for unequal class interval.
Disadvantages :

(i) Median is not based on each and every items of the distribution.
(i) Median is affected more by fluctuation of sampling.
(i) Median requires arrangement of data either in ascending or in descending order.
(iv) Median in some cases not capable to further algebraic treatment.

2.4 Uses of Median
(i) Median isused for distribution with open-end classes.

(i) Median can give best result in case of income distribution.

Statistics

(i) Median can be used for observations of qualitative nature like beauty, honesty etc.

2.5 Graphical Method for Determination of Median:
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Median can be determined graphically by the following methods :

Method (1) : In this method, by taking the variation on x-axis and the cumulative frequency on

y-axis, we will draw less than (or greater than) type cumulative frequency curves or ogives.
From the point of intersection of the two curves (ogives), let us draw perpendicular on the

x-axis. The point on the x-axis where the perpendicular meet gives the median.

Example 30 : Find the median graphically from the following table :
Daily wages : 10-20 20-30 30-40 40-50 50-60 60-70 70-80 80-90
Frequencies: 5 12 13 20 18 15 10 7

Solution: Cumulative frequency distribution table

Table No. 11.25

Daily wages No. of workers c.f. (less than) c.f- (more than)
() %)
10-20 5 5 100
20-30 12 17 95
30-40 13 30 83
40-50 20 50 70
50-60 18 68 50
60-70 15 83 32
70-80 10 93 17
80-90 7 100 7
Total 2/ =N=100
100 ¢- +
90
80
70
607
507
T 40]
~
© 30
207
10
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In the above figure, the perpendicular drawn from the point of intersection of the two ogives
meet the x-axis at the point 50. So the median is 50.

Method (2) : In this method, let us draw a less than (or greater than) type ogive by taking the

variation in the x-axis and the cumulative frequency on y-axis. Now taking the (]%)th

observation as median value and locate this value ]% on the y-axis and from it let us draw a

perpendicular on the ogive and from the point where the perpendicular line meet the ogive, let
us draw a perpendicular on the x-axis and the point where it meets the x-axis is the median.

Example 31 : Fromm the example (30) we will take the table for this example.

100

Solution: Median = value of (Tj th item.

= value of 50th item.

Now taking 50 on the y-axis; we draw a horizontal line to meet the ogive. From this point
we draw a perpendicular line on x-axis. The point on the x-axis where the perpendicular meet
is the median. So the median is 50.

|
»

100 f
90
80
70t

601
50+
401
30t
20!
10

- . * Fi
*

0 10 20 30 40 50 60 70 8 90

N
x

. Mode:
3.1 Definition :
The mode of a distribution is the observation whose frequency is the maximum. Mode is
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not unique quantity. That means a distribution may have more than one modes.
3.2 Mode for Discrete Frequency Distribution :

In this case mode is the value of the variable corresponding to the maximum frequency.
Example 30 : Find mode from the following data :

Weekly salary (Rs.): 15 6 17 18 19 20

No. of workers : 6 12 23 30 9 1
Solution: From the given data, we observe that highest number of workers is 30.

Corresponding to the salary Rs. 18.

.. Mode = Salary Rs. 18.

3.3 Mode for Group Frequency Distribution :

Mode of a grouped frequency distribution is obtained by using the following formula :

Mode (M0)=Z+ﬁxh
Where, [=lower limit
fo = frequency of the class preceeding the model class.
f; = frequency of the model class
f> =frequency of the class succeeding the model class.
h = length of the model class
Note: (i) The model class is the class whose frequency is highest.
(i1) The above formula is used when all the classes are of equal length
Example 32 : Find the mode of the following data :
Marks : 10-20 20-30 30-40 40-50 50-60 60-70
No. of students : 5 8 12 16 10 8
Solution: From
Table No. II1.18

Marks No. of students
10-20 5

20-30 8

30-40 12 > f,
40-50 16 - f
50-60 10 > f,
60-70 8
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Highest frequency is 16 andn therefore model class is 40-50

S 1=40, f, =16, f, =12, f, =10, k=10

fi_fo xh
2fi=fo— N
16-12
+—X
2x16-12-10

- Mode =/+

4%x10
32-22

—40+ 20 401 4-44
10

=40+

Example 33 : The following data gives the distribution of 100 families according to expenditure.
If mode of the distribution is 24, find the missing frequencies a and b.

Expenditure : 0-10 10-20 20-30 3040 40-50
Number of families : 14 a 27 b 15

Solution: From
Table No. I11.19

Expenditure No. of families
0-10 14
10-20 a— f
20-30 27— f
30-40 b— f,
40-50 15
2 f=N=a+b+56

. Mode = 24, the model class will be 20-30
and N=a+b+56=100
=a+b=100-56

Si—=/
Again. M =/+——- xh
gain, Mode 2fi— fo— 1
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3.5

3.6

:>24=20+L_bx10
2x27—a-b
:»24—20:&“0
54—a-b
27-b
=X
54—(a+Db)
= 27-b x10 [F 1
sa_aq " [From(D]
:>4:27_b><10
10
=4=27-b
=bh=27-4=23
D=>a+b=44
= a+23=44

=>a=44-23=21

Merits and Demerits of Mode :

Merits :

(i) Mode can be determined by inspection.

(i) Mode is easy to calculate and easy to understand.

(i) Mode is not affected by extreme values.

(iv) Mode may be used to determine qualitative as well as quantative data.

Demerits :

(i) Mode is not suitable for further mathematical treatment.
(i) Mode is not rigidly defined.

(i) Mode is not based on all the observation of the distribution.
(iv) Mode cannot be determined for unequal class intervals.

Uses of Mode :

(i) Mode is used as ideal average. For example, in business forecasting like sales of
readymade garments etc.

(i) Mode is useful in the study of maximum consumer preferences.
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3.7 Relationship among Mean, Median and Mode :

Mean = Mode = Median Mode Mean Median

Symmetrical Distribution Shewed Distribution (non-symmetrical)

Fig. TI1. 1 Fig. IIL 2

A distribution where Mean, Median and Mode are equal is known as symmetrical distribution
Fig. I11.1, otherwise it is known as skewed or non-symmetrical distribution, Fig. IIL.2.

In the asymmetrical distribution there exist a relationship among Mean, Median and Mode.
In the relationship, the distance between Mean and Mode is three times the distance between
Mean and Median. That is -

Mean — Mode = 3 (Mean — Median)
We can write the above relation as -
Mode = 3 Median — 2 Mean
This relation is called the Empirical relation

3.8 Graphical method of determination of Mode :
In case of frequency distribution, Mode can be located graphically.
The procedure to locate Mode graphically as follows:

(1) To draw a histogram from the given data, the tallest rectangle of the histogram will
represent the model class.

(i) Two diagonal lines are drawn from top corner of the model class starting each diagonal
from top corner of the adjacent rectangle (left & right).

(iii) A perpendicular line is drawn from the point of intersection of these two diagonal
lines to x-axis. The value of the point where the perpendicular meets x-axis is the
mode.

Example (34) : Find the mode graphically from the following data.
Classes : 0-10 10-20 20-30 30-40 40-50 50-60
Frequency : 10 15 30 25 25 20
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Solution:
Y
N

301

20 1

10

20 T30 40 50 60
Mode Class —

> X
0 10

Example 35 : Calculate mean and median and from the empirical relation find Mode from the
following distribution :

Classinterval :  50-59 60-69 70-79 80-89 90-99 100-109
Frequency : 4 20 40 50 30 6
Solution:
Table No. 111.20
. ,_d
Class Class Mid o o aoyomas| d'= I fd' c.f.
Interval | boundaries |value (x)

50-59 | 49.5-59.5 54.5 4 -20 -2 -8 4
60-69 | 59.5-69.5 64.5 20 -10 -1 =20 24
70-79 | 69.5-79.5 74.5 40 0 0 0 64
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80-89 | 79.5-89.5 84.5 50 10 50 114
90-99 | 89.5-99.5 94.5 30 20 60 144
100-109 | 99.5-109.5 | 104.5 6 30 18 150
Total N=150 2 fd'=100

Taking 4 =74.5, h =10
1. A.M=)_C=A+Z%Xh

=74.5 +@x10
150

=7454+6.6=280.5

N
7_fc
2. Median=Me=l+2f <

N
Now, 23" 75 nearest to 114

~. Median class 79.5-89.5
S 1=795f, =64, f =54, h=10
75-64
50

=79.5 +E
5

x10

. Me=79.5+

=795+22=817

The empirical relation is, Mean — Mode = 3 (Mean — Median)

— Mode = 3 Median — 2 Mean
= Mode =3x81.7-2x80.5

= Mode =245.1-161.0=284.1
II1.5 Partition Values :

In finding average value of a series of statistical data, median divide the series into two

equal parts.
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There are some positional values that divide the series more than two equal or unequal
parts. These dividing values are known as partition values.

When one point divides a series into two equal parts called halves or median, similarly
three points divide a series into four equal parts called Quartile, nine points (9) divide it into ten
equal parts called Deciles and ninety-nine points divide it into one hundred equal parts called
percentiles. All these values Quartiles, Deciles and Percentiles are called partition values.
II1.5.1 Quartiles :

When quantities of a distribution are divided into four equal parts by three points, each
part is called Quartile. The three points first,second and third are respectively known as first
quartile, second quartile and third quartile and are denoted Q , Q, and Q, respectively.

II1.5.1 (a) Quartiles for Discrete non-Frequency Series or Individual Series :
Let x;,x,,x3,......,x,, are n values of the variable x. The Quartile of these values are

given by

(n+1
Q1=Va1ueofl( 4

jth item,i=1,2,3

) n+1
whenz=1,Q1=T 0,(i=12,3)
2(n+1)
wheni=2,Q,= 4
. 3(n+1)
wheni=3,Q,= 4

Note: To determine quartile for Individual series, first arrange the given data in
ascending order of magnitude and find the number of observation and then use the
above formula.

Example 36 : The heights (in cm) of few students are as follows :
70,72,71,75,69,73,74,76,75,70

Solution: Arranging in ascending order, 69, 70, 70, 71, 72, 73,74, 75,75, 76
Here, n =10

- Q) = value of (" +1J = 10+1 2222,75th observation
4 4 4

=2nd observation + (.75 x (3rd observation — 2nd observation)

= 70+0.75% (70— 70)
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=70+0.75x0=70

2n+1) _2x11_ 22
4

0, = value of = 5.5 th observation

= 5th observation + (.5 x (6th observation — 5th observation)
= 7240.5%(73-72)

=724+05x1=725

05 = value of 3D _3x11_33 _ 8.25 th observation
4 4 4

= 8th observation + (.25 x (9th observation — 8th observation)

= 75+0.25% (75— 75)

=754+4025x0=75+0=75

II1.5.1 (b) Quartiles for Discrete Frequency Distribution :

Let x;,x,,X3,......,x, are 'n'variables of x with frequency f, f5, f5,....... + f, respectively.
To find Q,, Q,, Q, proceed the following steps :

1. Firstfind 2 /=N

2. Findcf
i(N+1)

4

3. Find

» to compute Q,(i =1,2,3)

: o I((N+1D)
4. Find c.f. which is higher than

Example 37 : Determine the Quartiles from the following distribution :

Ages (yrs) : 50 52 54 58 60 62 64 66 68 70
Frequency : 4 12 18 23 30 26 22 16 5 4
Solution:

Table No. I11.21

Ages (yrs) : 50 |52 |54 | 58| 60 | 6264 | 66 | 68 |70

Frequency (f): | 4 |12 | 18 |23 | 30 | 26|22 |16 | 5 | 4 |Zf=N=160

cf : 4 |16 | 34 | 57 | &7 | 113|135 | 151 | 156 |160
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_N+1_160+1 161

= —=40.25th j
O 2 2 1 item.
Nearest to 40.25th item of c.f. is 57.
Corresponds to 57 is 58
.. 0, =58 years

_2AN+D) _2060+1) _2x161_322 o
4 4 4 4

Nearest to 80.25th item of c.f. is 87.

0,

Corresponds to 87 is 60
.0, =60 years

_3NHD 30460+ 3x161_483 150 75
4 4 4 4

Nearest to 120.75th item of c.f. is 135.

Os

Corresponds to 135 is 64
.. 03 =64 years
II1.5.1 (c) Quartiles for Continuous Series or Grouped Frequency Distribution :

To find Quartile, following are the steps
. iN .
Step I: Find Y f = N and then find T(l =1,2,3)

iN
Step II : Find cumulative frequency which is just greater than e and the class corresponds

to this c.f. is the corresponding with Quartile class.

Step III : Calculate Q; (i =1,2,3) by the following formula :

ﬂ—c.f.
O=1+3 7 xh(i=1,2,3)

Where /=lower limit of the particular Quartile class

f= frequency of the particular Quartile class



298 Statistics
h = width of the Quartile class
c¢.f- = cumulative frequency
N=Xf
Example 38 : Calculate different Quartile from the following table :
Salary (Rs.): | 4-8 8-12 12-16 16-20 20-24 24-28 28-32 32-36 36-40
No. of workers:| 6 10 18 30 15 12 10 5 2

Solution:
Table No. I11.22

Salary (Rs.) : 4-8 |8-12]12-16 |16-20 | 20-24 | 24-28 | 28-32 |32-36 | 36-40 | Total
No.of workers (f)| 6 10 | 18 30 15 12 10 5 2 108
Mid value (x) 6 10 | 14 18 22 26 30 34 38
cf : 6 16 | 34 64 79 91 | 101 | 106 | 108

N 108
For O, 727227 nearest to c.f. 34
- Q classis 12-16

s 1=12,c.f.=16, f =18, h=4

ﬁ—c.f.

4
Q1:l+ Xh
A

27-16
X
18

11x4
18

11x2

=12+ 4

=12+

=12+

=12+2.44=14.44

2N 2x108

For QZ,T = =2x27=54 nearest to 64

- Q, classis 16-20
s l=16,c.f.=34, f=30,h=4
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2jlv—c.f.
O, =1+ xh
f
_1642473%
“16+ 224 _18.66
3N 3x108
For Q3aT: . =3x27=81nearest to 91

. Oy class is 24-28
S A=24,cf.=79, f=12,h=4

3jlv—c.f.
Oy =l+——xh
f

81-79
12

=24+g
3

=24+ x4

=24+.67=24.67
Uses of Qurtiles :
Some of the uses of Quartiles are :

(1) Quartiles are used to measure central tendency as 2nd Quartile is the median.

(i) Q, and Q, are used to measure dispersion as because (Q3 a Ql% is Quartile

deviation.

0 -01-20,

(i) Quartiles are used to measure skewness as 0.-0 gives skewness.
3~ Y

I11.5.2 Deciles:

Deciles are those values which divide the given distributions into 10 equal parts by 9 (nine)
points. Deciles are denoted by D, D, D, ........ , D..

II1.5.2 (a) : Deciles for Individual Observation:

Let x;,x,,x3,.......,x, are n values of the variables x. Then deciles of these values are
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given by

p,=*D i 123 80
10
n+l
. . D —
First decile, il 10
2n +1)

Second decile, D, = and so on.

10

II1.5.2 (b) : Deciles for Continuous Frequency Distribution or Grouped Frequency
Observations:

The deciles for grouped frequency distributions are given by -

iN
——C.
D, =1+10 xh (i=1,2,3,....,9)
Where N=%f

[ =1lower limit of particular decile class
c¢.f. = cumulative frequency

f= frequency of decile class

h = width of the class

I11.5.3 Percentiles :

Percentiles are those values which divide the given distributions into hundred equal parts
by 99 points. Percentiles are denoted by P, P, P,, P, ....... ,P...

I11.5.3 (a) Percentiles for Individual Observation :

Let x;,x,,x3,.......,x,, are n values of the variables x. Then the percentiles of these values
are given by

p=ttD 1034 .99

! 100
First til P—n+1
1rst percentile, 1 100
2(n+1)

Second percentile, P = and so on.

100
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I11.5.3 (b) Percentiles for Continuous Frequency Distribution or Grouped Frequency
Distributions :

The percentiles for grouped frequency distributions are given by -

Pl.=1+%xh (i=1,2,3, ..., 99)

Where N=3X 71

/=1lower limit of percentile class
c.f- = cumulative frequency
f=frequency of particular percentile class
h = width of the percentile class
Example 39 : Find Q,, Q,, Q,, D,, D, P, , P from the following table:

Salary (Rs.) : 10 | 14 18 | 22 | 24 |30 | 32 Total
No. of workers: 5 7 10 | 16 14 8 4 64
Solution:

Table No. II1.23

Salary (Rs.) : 10 | 14 | 18 22 24 30 32 | Total
No.of workers : 5 7 10 16 14 8 4 64
cf . 5 12 | 22 38 52 60 64

Here, N=% f =64
_N+1_64+1 65

SO = =—=16.25th j

o 2 2 2 item nearest c.f. to 22
-0, classis 18
. 0;=Rs. 18

3(N+1) 3(64+1) 3x65

L0y =t - )_3( ; ) _3X83 _3,1625-48.75 nearest c.f: to 52
Salary Rs. 24 corresponds to 52.
- 03 =Rs. 24

CAN+1)  4x(64+1)  4x65 260
10 10 10 10

D, =26th observation nearest to c.f. 38



302

Statistics
which corresponds to 22 .. D, =22
6(N+1) 6x(64+1) 6x65 390 . .

5 10 10 10 10 observation to c.f. 52 (higher)

which corresponds to 24; . D, =24

30(N+1) 30x(64+1) 3x65 195
})302 = = =

=19.5th i
100 100 10 10 observation nearest to c.f. 22

which corresponds to 18, .. Py, =23
_TO(N +1)  70x(64+1) 7x65 455

=45.5th i
70 100 100 10 10 observation nearest to

c.f. 52 which corresponds to 24; ... P,, =24
Example 38 : Calculate Q,, Q,, D,, D., P, P, from the following :

Class: 1020 20-30 30-40 40-50 50-60 60-70 70-80 80-90 90-100
f: 7 15 18 25 30 20 16 7 2
Solution:

Table No. 111.24
Class : 10-20 | 20-30 | 30-40 |40-50

50-60 | 60-70 |70-80 | 80-90 [90-100
f: 7 15 18 25 30 20 16 7 2
c.f . 7 22 40 65 95 115 131 138 140

Here, N =% f =140

N 140
O 4 4 nearest 40

. Q classis 30-40
s 1=30,h=10,c.f.=22, f =18

L0 =1+ 7 xh:30+35_22><10:3O+113—80=30+7.2=37.2

3N 3x140
For Q3’T: 4 =3x35=105nearest to 115

. Oy class is 60-70
s 1=60,h=10,c.f.=95, f =20
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SN _or
0, =1+-42 h=60+105_95x10=60+%=60+5=65
F 2N _2x140_ g t to 40
or 7, 10 10 nearest to

. D, class is 30-40
5o 1=30,h=10,c.f.=22, =18

——c.f B
28 22><10=30+%:30+3.3=33.3

IN _ 7x140

D, —= =98
For D 10 10 nearest to 115

~.D; class is 60-70
5 1=60,h=10,c.f.=95, =20

——c.f _
o8 95><10=60+%=60-|—1.5=61.5

45x N 45x140 14
P, = =45x—=063
For s 100 100 10 nearest to 65

.. Pys class is 40-45
5 1=40,h=10,c.f.=40, f =25

457N_C‘f

I [

45x140 _ 40

—404+—100 90
25

=40+

63_40x10=40+%=40+9.2=49.2
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10.
11.
12.
13.
14.

15.

16.

)

Statistics

p BN _80x140
T80 00 100

. Py class is 60-70
s A=60,h=10,c.f.=95, =20

=112 nearest to 115

80N

—cf 112-95
+—

".Pgo=l+%xh=6o x10:60+%:60+3.5=63.5

Exercise : 111

What do you mean by statistical average? What are the different types of measure of
central tendency or average?

What are the characteristics of an ideal average? Mention the uses of A.M., GM., and
H.M.

Define Arithmetic mean, Geometric mean and Harmonic mean. State their merits and
demerits.

Define Arithmetic mean, median and mode. Discuss their relative advantages and limitations.

Show that 4M.>G.M.>H.M.

What are the different types of mean? Discuss the advantages and limitations of arithmetic
mean.

Define median. Write the advantages and limitation of median.

What are the different types of mean? Write a note on the importance of arithmetic mean.
Define arithmetic mean. Write a note on importance of arithmetic mean.

Write two important objectives of measures of central value.

Define weighted arithmetic mean. Write two uses of it.

Write two uses each of median and mode.

Write the different properties of Arithmetic mean.

Define quartiles, deciles and percentile.

If X, and X, be the A.M. of the two series consisting n; and n, terms respectively then

. . . . . n1f2 + n2)_Cz
show that the mean of combined series is (n, +n, ) items is :
n + ny

Choose the correct answer from the following :
Which average is affected by extreme values -
(a) AM. (b) GM. (c) H.M. (d) Median
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(i) Which of the following relations does not hold -

(a) D,=Median (b) P,, = Median

(¢) P,,=Median (d) Q,=Median
(i) Which is more than Q, and D, -

(a) Dy (b) P, (¢) D, (d) all the above
(iv) Which is called average of position -

(a) Mode (b) Median (c) GM. (d) H.M.
(v)  Which of the following is less than Q, -

(@) D,and P, (b) D,and P (¢c) Q,and D, (d) None
(vi) For qualitative data, the best average is -

(a) Mode (b) Median (c) GM. (d AM/
(vii) Which of the following deciles are less than first quartile :

(@) D,and D, (b) D, and D, (¢) D,D,and D, (d) None of the above
(viii) In which of the following average arrangement of data is necessary?

(a) AM. (b) H.M. (c) Median (d) Mode

(ix) The correct relation among mean, median and mode is
(a) Mode — Mean = 3 (mean — median)
(b) Mean — Mode = 3 (Mean — Median)
(c) Mean — Median = 3 (Mean — Mode)
(d) None of these
(x) The sum of deviations of the observations is zero from :
(a) Mode (b) Median (c) AM. (d) None

[Ans: (1)-a, (ii)-(b), (ii1)-(d), (iv)-(b), (v)-(a), (vi)-(b), (Vii)-(a), (viii)-(c), (ix)~(b), (x)-(c)]
17. Fillin the blanks:

(@) e is not affected by extreme observations.

(b) Geometric Mean is the .......... of A.M. and H.M.

(c) In the calculation of .......... , all the observations are taken into consideration.

(d) e is very much affected by extreme values.

(e) The ogives is 'less than type' and 'more than type' intersect at ..........

(f) The mode of a distribution is the value that has the highest ...........

(g) The sum of deviations of the observations from their A.M. is ...........

(h) If any one of the observations is zero ........... will be equal to zero.

(61 I may be calculated from a frequency distribution with open end classes.

() If any one of the observation is zero ........... cannot be calculated.
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(k) If the mean of the series xj,x,,.......... , X, is x,the mean of the series
MY X3 Xn
5 b 5 b 5 """""" 5 ----------

()  Average suited for qualitative phenomena is ......... .
[Ans: (a) Median, (b) GM., (c) Mean, (d) A.M., (e) Median, (f) frequency, (g) zero, (h)

G.M,, (i) Median, (j) HM., (k) %’ (1) median]

18.

19.

20.

21.

22.

23.

Select the following statement whether True (T) or False (F) :
(1) A.M. is much affected by extreme values.
(i) Median is not affected by extreme values.
(iii) H.M. cannot be calculated if any value is zero.
(iv) Median is computed measure of average.
(v) If any one of the observations is zero, G.M. will be zero.
(vi) Q, is less than D, and D,.
(vil) Mode have more than one value.
(viii) Geometric mean is the average of A.M. and H.M.
(ix) P, is not equal to median.
(x) Mean may be located graphically from histogram.
[Ans: (1) T, (i) T, (iii) T, (iv) F, (v) T, (vi) F, (vii) T, (viii) F, (ix) F, (x) F]
Daily wages of 6 workers are Rs. 70, 42, 85, 75, 68, 55. Find A.M. and GM.
[Ans: Rs. 65.83, Rs. 64.21]
Find A.M., GM. and H.M. of the numbers 3, 6, 24 and 48.
[Ans: 20.25, 12, 7.11]
Find x when AM. of 7, x —2 and x + 3 is 9.
[Ans: 9.5]
Marks obtained by 30 candidates in a certain test are given below. Find average marks.
No. of students : 4 2 3 5 7 5 4
Marks obtained : 50 55 63 70 71 80 91
[Ans: 70.33]
Find Mean, median and Mode :
Wts (kg) : 15 16 17 18 19 20
No. of items : 6 12 23 30 9 1
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24.

25.

26.

27.

28.

29.

30.

31.

[Ans: Mean 17.33 kg, Median 17 kg, Mode 18 kg]|
Find the average weekly wages from the following frequency distribution :
Wages (Rs.) : 30-40 40-50 50-60 60-70 70-80 80-90
No. of workers : 8 20 40 18 10 4
[Ans: Rs. 56.40]
A.M. of the following incomplete frequency distribution is 67.75 inch. Find the value of /.

Height (inch) : 60-62 63-65 66-68 69-71 72-74
Frequency 15 54 fa 81 24
[Ans: 126]
The A.M. of the following distribution is 50. Find the missing frequencies:
Class : 0-20 20-40 40-60 60-80 80-100 Total
Frequency : 17 fi 32 o 19 120

[Ans: f, =28, f, =24]
Find A.M. from the following frequency distribution :
Marks above : 0 10 20 30 40 50
No. of students : 40 37 30 20 7 3
[Ans: 29.25 mark]

Construct a grouped frequency distribution and find mean :
Wages below (Rs.) : 10 20 30 40 50 60

No. of persons : 17 36 68 79 90 100
[Ans: A.M. = 26]
Find median from the following frequency distribution :
Marks : 0-10 10-20 20-40 40-60 60-90 90-100
No. of students : 5 15 20 12 8 4
[Ans: Median = 4, Mode = 4]

[Ans: 32 marks]
[Note: Widths of class intervals are unequal]

Find Mode :
Marks : 1-5 6-10 11-15 16-20 21-25 26-30 31-35 36-40 41-45
No. of students : 7 10 16 32 24 18 10 5 45

[Ans: 18.83 marks]
Find Mean and Median and Mode by using empirical relation :
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Wages : 130-134 135-139 140-144 145-149 150-154 155-159 160-164

No. of workers : 5 15 28 24 17 10 1
[Ans: Mean = 145, Median = 144.92, Mode = 144.08]

32. In the following frequency distribution one frequency is missing. The median of the
distribution is 53.5. Find the missing frequency.

Class : 20-30  30-40 40-50 50-60 60-70 70-80
Frequency : 3 5 f3 20 4
[Ans: 12]
33. Find the Modal income of the following distribution :
Monthly income (Rs.) : 1000-1500  1500-2000 2000-2500 2500-3000 3000-3500 35004000
Frequency : 30 50 75 68 43 24
[Ans: Rs. 2390.62]

34. The Median and Mode of the sum distributions are known as 27 and 26 respectively. Find
the values of @ and b.

[Ans: a =8, b = 7]
35. Find Q,, Q, and Mode from the following table :
Wages : 20-25  25-30  30-35 35-40 4045 45-50  50-55 55-60
Persons : 5 70 100 180 150 120 70 60
[Ans: Q, = 35.35, Q, = 47.40, Mode = 38.64]
36. FindQ,, Q,, D, and P for the following distribution :

Marks : 10-15 1520 2025 25-30 30-35 3540 4045 45-50 50-55 55-60 60-65
Frequency : 5 6 12 47 39 38 28 25 17 14 13
Marks : 65-70  70-75

Marks : 7 4

[Ans: Q, = 29.34, Q, = 48.25, D, = 34.1 marks, P = 41.07 marks]
37. FindQ,, Q,,D,, D, P, and P_, from the data given below :
Weight (kg):  30-39 4049 50-59 60-69 70-79 80-89  90-99
No. of persons : 1 3 11 21 43 32 9
[Ans: Q, = 66.64 marks, Q, = 82.94 marks, D, = 72.2 marks,
D, = 88.56 marks, P, = 73.13 marks, P_, = 84.06 marks]
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g 51 =) 2E4 15 ). 6 y B0 A S s 3slas o7 o
10 || 0000 | 0043 | 0086 | 0128 | 0170 | 0212 | 0253 | 0294 | 0334 | 0374 |4 8 12|17 21 25|29 33 37
11 || 0414 | 0453 | 0492 | 0531 ] 0569 | 0607 0645 | 0682 | 0719|0755 |4 8 11|15 19 23|26 30 34
12 || 0792 | 0828 | 0864 | 0899 | 0934 | 0988 1004 | 1038 | 1072|1106 |3 7 10|14 17 21{24 28 31
{13 | 1130 | 1173 | 1206 | 1239 1271 | 1303 | 1335 1367 | 1399| 1430|3 6 10{13 16 19|23 26 29
114 || 1461 | 1492 | 1523 | 1553 | 1584 | 1614 | 1644 | 1673 | 1703|1732|3 6 9|12 15 18/21 24 27
116 (| 1761 | 1790 | 1818 1847 | 1875 | 1903 | 1931 | 1959 | 1967 | 2014 |3 6 8|11 14 17|20 22 25
16 || 2041 | 2088 | 2005 | 2122 | 2148 | 2175 2201 | 2227 | 2253|2279|3 5 8|11 13 16{18 21 24
17 || 2304 | 2330 | 2355 | 2380 | 2405 | 2430 | 2455 | 2480 | 2504 | 2520 |2 § 7(10 12 15/17 20 22
18 || 2553 | 2577 | 2601 | 2625 | 2648 | 2672 2605 | 2718 | 2742 | 27652 5 7| 9 12 14{16 19 21
{19 || 2788 | 2810 | 2833 | 2856 | 2878 | 2000 | 2923 | 2945 | 2967298912 4 7| 9 11 13/16 18 20
20 || 3010 | 3032 | 3054 | 3075 | 3096 | 3118 | 3139 | 3160 | 3181|3201|2 4 6| 8 11 13|15 17 19
21 || 3222 | 3243 | 3263 | 3284 | 3304 | 3324 | 3345 | 3365 | 33853404 |2 4 6| 8 10 12/14 16 18
22 || 3424 | 3444 | 3484 | 3483 | 3502 | 3522 3541 | 3560 | 3579 |3508|2 4 6| 8 10 12|14 15 17
1231|3617 | 3636 | 3655 | 3674 | 3602 | 3711 3720|3747 | 3766 |3784)2 4 6| 7 9 11]13 1517
24 ||3802 | 3820 | 3838 | 3856 | 3674 (3892 | 3009 | 3927 | 3945|3962|2 4 5| 7 9 11|12 14 16
25 ||3979 | 3997 | 4014 | 4031 | 4048 | 4065 4082 | 4099 | 4116|4133)2 3 5| 7 91012 14 15
|26 || 4150 | 4166 | 4183 | 4200 | 4218 4292 | 4249 | 4265 | 4281|4208|2 3 5| 7 8 10[11 13 15
127 || 4314 | 4330 | 4346 | 4362 | 4378 | 4393 4400 | 4425 | 4440 (445612 3 5| 6 8 9|11 13 14
{28 || 4472 | 4487 | 4502 | 4518 | 4533 | 4548 | 4564 | 4570 | 4504 | 46092 3 5| 6 8 6|11 12 14
'294-6244639465446394&83&898471347234?424?5?1346?9101213
:304?714?864800431448294843485748?14&8649001346?9101113
31 || 4914 | 4928 | 4942 | 4955 | 4969 | 4983 4997 | 5011 | 5024|5038)1 3 4| 6 7 8(10 11 12
32 || 5051 | 5065 | 5079 | 5092 | 5105 [ 5119 | 5132 | 5145 | 5150 |5172|1 3 4[5 7 8| 9 11 12
33 ||5185 | 5198 | 5211 | 5224 | 5287 | 5250 | 5268 | 5276 | 5289 |5302}1 3 4| 5 6 8| 9 1012
34 ||5315 | 5328 | 5340 | 5353 | 5366 | 5376 5391 | 5403 | 5416 |5428)1 3 4| 5 6 8| 9 10 11
35 || 5441 | 5453 | 5465 | 5478 | 5490 | 5502 | 5514 | 5527 | 5539565101 2 4/ 5 6 7| 9 10 11
ae55335575553755665611552355635564756535&7012456791011
|37 || 5682 | 5694 | 5705 | 5717 | 5729 | 5740 5752|5763 | 65775(5786|1 2 3| 5 6 7| 8 910
38 || 5798 | 5809 | 5821 | 5832 | 5843 | 5855 | 5866 | 5877 | 5688|5809)1 2 3/ 5 6 7| 8 910
39 ||5911 | 5922 | 5983 | 5944 | 5955 | 5066 5977 | 5988 | 5999 |6010|1 2 3/ 4 5 7| 8 910
40 || 8021 | 8031 | 8042 | 6053 | 6064 | 6075 6085 | 6006 | 6107 |6117|1 2 3| 4 5 6/ 8 910
a1||6128 | 6138 | 6149 | 6160 | 6170 | 6180 | 6191 | 6201 | 6212 | 6222)1 2 3| 4 5 6| 7 8 0
42 ||6232 | 6243 | 6253 | 6263 | 6274 | 6284 | 6294 | 6304 | 6314|6325|1 2 3| 4 5 6/ 7 B 9
43 ||6335 | 6345 | 6355 | 6365 | 6375 | 6385 | 6395 | 6405 | 6415|6425|1 2 3| 4 5 6/ 7 8 9
a4 || 6435 | 6345 | 6454 | 6464 | 6474 | 6484 | 6493 | 6503 | 6513[6522|1 2 3| 4 5 6/ 7 B8 9
45 ||8522 | 6542 | 6551 | 6561 | 8571 | 6580 | 6590 | 6509 | 6609 |6618|1 2 3| 4 5 6/ 7 B 9
|46 || 6628 | 6837 | 6646 | 6658 | 6665 | 6675 6684 | 6693 | 6702|6712]|1 2 3|/ 4 5 8/ 7 7 8
147 ||6721 | 6730 | 6739 | 6749 | 6758 | 6767 6776|6785 | 6794 (68031 2 3|/ 4 5 5/ 6 7 8
48 ||6812 | 8821 | 6830 | 6830 | 6648 | 6857 6866 | 6875|6684 (6893|1 2 3/ 4 4 5/ 6 7 8
49 || 6902 | 6911 | 6920 | 6928 | 6937 | 6946 6955|6964 | 6972|6981|1 2 3| 4 4 5/ 6 7 8
50 ||6990 | 6896 | 7007 | 7016 | 7024 | 7033 | 7042 | 7050 | 7059 | 7067f1 2 3| 3 4 5/ & 7 8
51 ||7076 | 7084 | 7093 | 7101 | 7110 n1a§71257135 7143|7152]1 2 3|3 4 5/ 6 7 8
52718071637177718571937%5721072187226723612234567?
53 || 7243 | 7251 | 7259 | 7267 | 7275 | 7264 7292|7300 | 730873161 2 2| 3 4 5/ 6 6 7
54 ||7324 | 7332 | 7340 | 7348 | 7356 | 7364 | 7372|7380 | 7388|7396|1 2 2/ 3 4 5/ 6 6 7

=T 1 2| ] 4 5 | 6 7 | @ 9|1 2 34586 7829
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MATHEMATICS

ANTILOGARITHMS

i
|

[
| 0 1 2 3 4 g | 8 7 8 ]
|

-

a162 |a170 | 177 | o184 | 3192 [ 3199 3206 | 324 | az21 | 3228

3236 | 3243 | 3251 | 3258 | 3266 32735 3281 | 3289 | 3296 | 3304
3311 | 3319 | 3327 | 3334 | 3342 | 3350 | 3357 | 3385 | 3373 | 3381
3388 | 3396 | 3404 | 3412 | 3420 | 3428 | 3436 | 3443 | 3451 | 3459
3467 | 3475 | 3483 | 3491 ] 3499 | 3508 | 3516 | 3524 | 3532 | 3540
3548 | 3556 | 3565 | 3573 | 3581 | 3580 3597 | 3606 | 3614 | 3622

3631 | 3630 | 3648 | 3656 | 3664 | 3673 3681 | 3690 | 3698 | 3707
3715 | 3724 | 37383 | 3741 | 3750 | 3758 | 3767 | 3776 | 3784 | 3793
3802 | 3811 | 3819 | 3828 | 3837 | 3846 | 3855 | 3864 | 3873 | 3882
3899 | 3908 | 3917 | 3926 | 3936 | 3945 | 8954 | 3968 | 3972
3981 | 3090 | 3099 | 4000 | 4018 | 4027 4036 | 4046 | 4055 | 4064

4074 | 4083 | 4093 | 4102 | 4111 | 4121 | 4130 | 4140 | 4150 | 4158
4169 | 4178 | 4188 | 4198 | 4207 | 4217 4227 | 4236 | 4246 | 4256
4266 | 4276 | 4285 | 4295 | 4305 | 4315 4325 | 4335 | 4345 | 4355
4365 | 4375 | 4385 | 4395 | 4406 | 4416 4426 | 4436 | 4446 | 4457
4467 | 4477 | 4487 | 4408 | 4508 | 4519 4520 | 4539 | 4550 | 4560

4571 | 4581 | 4502 | 4803 | 4613 | 4624 4634 | 4645 | 4656 | 4667
4677 | 4688 | 4699 | 4710 | 4721 | 4732 4742 | 4753 | 4764 | 4775
4786 | 4797 | 4808 | 4819 | 4831 | 4842 4853 | 4864 | 4875 | 4887
4943 | 4955 4966 | 4977 | 4989 | 5000
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S Gy e g cpry
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.70||5012 | 5023 | 5035 | 5047 | 5058 | 5070 | 5082 | 5093 | 5105 [ 5117 9 11
|.71(|5129 | 5140 | 5152 | 5164 | 5176 | 5188 5200 | 5212 | 5224 | 5236 10 11
|.72||5248 | 5260 | 5272 | 5284 | 5297 | 5309 5321 | 5333 | 5346 | 5358 10 11
.73||5370 | 5383 | 5305 | 5408 | 5420 | 5433 5445 | 5458 | 5470 | 5483 10 1
\.74/| 5495 | 5508 | 5521 | 5534 | 5546 | 5559 5572 | 5585 | 5598 | 5610 10 12
.75|| 5623 | 5636 | 5649 | 5662 | 5675 | 5689 5702 | 5715 | 5728 | 6741 10 12
|.78|| 5754 | 5768 | 5781 | 5794 | 5808 | 5821 | 5834 | 5848 | 5861 | 5875 91112
.77/ 5888 | 5902 | 5916 | 5929 | 5943 | 5957 5970 | 5984 | 5998 | 6012 10 11 12
.78/ 6026 | 6039 | 6053 | 6067 | 6081 | 6095 6109 | 6124 | 6138 | 6152 10 11 13
.79||6166 | 6180 | 6194 | 6209 | 6223 | 6237 | 6252 | 6266 | 6281 | 6205 10 11 13
1.80(|6310 | 6324 | 6330 | 6353 | 6368 | 6383 6397 | 6412 | 6427 | 6442 10 12 13
.81||6457 | 6471 | 6486 | 6501 | 6516 | 6531 6546 | 6561 | 6577 | 6582 1112 14
.82/ 6607 | 6622 | 6637 | 6653 | 6668 | 6683 6699 | 6715 | 6730 | 6745 11 12 14
B3|/ 6761 | 6776 | 6792 | 6808 | 6623 | 6839 6855 | 6871 | 66887 | 6902 11 13 14
184(/6918 | 6934 | 6950 | 6966 | 6982 | 6998 7015 | 7031 | 7047 | 7063 11 13 15
.85(|7070 | 7008 | 7112| 7120 | 7145 | 7161 7178 | 7194 | 7211 | 7228 12 13 15
.B6||7244 | 7261 | 7278 | 7285 | 7311 | 7328 7345 | 7362 | 7379 | 7398 1213 15
BT || 7413 | 7430 | 7447 | 7464 | 74682 | 7499 7516 | 7534 | 7551 | 7568 12 14 16
.88[7586 | 7603 | 7621 | 7638 | 7656 | 7674 | 7745 12 14 16
|.80|[7762 | 7780 | 7798 | 7816 | 7834 | 7852 7925 12 14 16
.90|(7943 | 7962 | 7980 | 7998 | 8017 | 8035 8110 11[13 15 17
.91|(8128 | 8147 | 8166 | 8185 | 8204 | 8222 8299 11{13 15 17
|92 8492 10 12|14 15 17
8 8690 10 12(14 16 18
94 8802 10 12(14 16 18
.95 9099 10 12{15 17 19
.96 9311 11 13[15 17 19
97 9528 11 13[15 17 20
.98 9750 11 13/16 18 20
.99 | 9977 11 1416 18 20
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